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Abstract. We show that coinvariants of modules over conformal vertex algebras give rise to quasi-

coherent sheaves on moduli of stable pointed curves. These generalize Verlinde bundles or vector

bundles of conformal blocks defined using affine Lie algebras studied first by Tsuchiya–Kanie,

Tsuchiya–Ueno–Yamada, and extend work of a number of researchers. The sheaves carry a twisted

logarithmic D-module structure, and hence support a projectively flat connection. We identify the

logarithmic Atiyah algebra acting on them, generalizing work of Tsuchimoto for affine Lie algebras.

Vertex algebras, whose roots stretch back to the revolutionary ideas of monstrous moonshine and

string theory of the 1960s, have been described as analogues of commutative associative algebras and

complex Lie algebras. They extend elemental structural concepts in the representation theory of

affine Kac-Moody algebras, conformal field theory, finite group theory and combinatorics, integrable

systems, and modular functions [35, 22, 33, 25, 16, 32, 59, 54, 43, 41].

We study geometric realizations of representations of a conformal vertex algebra V . The idea,

originating in [61, 62], formulated here from the perspective of [16, 32], is to assign a V -module M i

to each marked point Pi on an algebraic curve C, and then quotient by the action of a Lie algebra

(§4.1) on ⊗iM i which reflects the geometry of the pointed curve (C,P•). We do this in families to

form a sheaf V(V ;M•) on the moduli space Mg,n of stable curves (Def. 3). This generalizes prior

work on families of smooth pointed curves [32, 16], coinvariants obtained from affine Lie algebras

[61, 62, 60], and special cases using vertex algebras [63, 56, 5]. Our main result is:

Theorem 1. Given n simple modules M i of conformal dimension ai over a conformal vertex algebra

V of central charge c, the logarithmic Atiyah algebra c
2AΛ +

∑n
i=1 aiAΨi acts on the quasi-coherent

sheaf of coinvariants V(V ;M•) specifying a twisted logarithmic D-module structure.

Theorem 1 is proved in §7 and a more precise statement with more details is given there; loga-

rithmic Atiyah algebras are reviewed in §6.1. The analogue of Theorem 1 for sheaves of coinvariants

of integrable representations of an affine Kac-Moody algebra was proved by Tsuchimoto [60].

As an application, when V(V ;M•) is the sheaf of sections of a vector bundle on Mg,n (this is

known to be verified in some cases, see §8.1), the action of the Atiyah algebra from Theorem 1

gives the Chern character of V(V ;M•) on Mg,n:

Corollary 2. When V(V ;M•) is locally free of finite rank on Mg,n and c, ai ∈ Q, one has

ch (V(V ;M•)) = rankV(V ;M•) · exp

(
c

2
λ+

n∑
i=1

aiψi

)
∈ H∗(Mg,n,Q).

In particular, Chern classes of V(V ;M•) lie in the tautological ring.
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The formula in Corollary 2, proved in §8, extends the computation of the Chern classes of vector

bundles of coinvariants on Mg,n in the affine Lie algebra case from [52].

0.1. Overview. Here we give an extension of the construction of sheaves of coinvariants V(V ;M•)

of modules over vertex algebras on the locus of smooth curves Mg,n from [32], to stable pointed

curves Mg,n (see §5.3.2). The problem of defining such bundles on Mg,n has been studied before

in particular cases, the most well known being for affine Kac-Moody algebras, but also for vertex

algebras in more generality (see §5.3.3 for an account). We note that conformal blocks are defined

as dual to coinvariants. In the case of vertex algebras arising from Kac-Moody algebras, conformal

blocks are known to be vector spaces canonically isomorphic to generalized theta functions [14, 30,

47, 57, 15, 43].

We work with modules over a broad class of vertex algebras, called conformal vertex algebras,

which admit an action of the Virasoro algebra. We define these and related objects in §1. Vertex

algebras and their modules depend on a formal variable z. The geometric realization from [32]

starts by considering z as the formal coordinate at a point on an algebraic curve. One is thus led

to consider the moduli space ÈMg,n parametrizing objects (C,P• = (P1, . . . , Pn), t• = (t1, . . . , tn)),

where (C,P•) is a stable n-pointed curve of genus g, and ti is a formal coordinate at Pi (§2).

The strategy is to first define sheaves of coinvariants ÁV(V ;M•) on ÈMg,n (Def. 1). Then one

shows that ÁV(V ;M•) descends to a sheaf VJ(V ;M•) on J = J 1,×
g,n , the moduli space parametrizing

points (C,P•, τ•), where τi is a non-zero 1-jet at Pi (Def. 2). A second descent allows one to define

V(V ;M•) on Mg,n (Def. 3). Fibers of the sheaves are canonically isomorphic to the vector spaces

of coinvariants (21) and (22). Figure 5 depicts relationships between these sheaves and spaces.

The action of the Virasoro algebra on the vertex algebra modules is responsible for the presence

of the twisted logarithmic D-module structure on sheaves of coinvariants. The twisted D-module

structure of sheaves of coinvariants on families of smooth curves has been presented in [32] as

an integral part of their construction. Twisted logarithmic D-module structures on sheaves over

a smooth scheme S are parametrized by elements in the C-vector space Ext1(TS(− log ∆),OS),

that is, the space of logarithmic Atiyah algebras [20]. The merit of Theorem 1 is to identify the

logarithmic Atiyah algebra acting on sheaves of coinvariants.

Crucial to this identification is the Virasoro uniformization, Theorem 2.1, which gives a Lie-

theoretic realization of the logarithmic tangent bundle on families of stable curves (after [11], [20],

[46], [62]). This was proved in [62]; we give an alternative proof of this result in §2, extending to

families of stable curves with singularities the argument for families of smooth curves given in [32].

Throughout, we work over the smooth DM stack of stable curvesMg,n, in particular we assume

2g − 2 + n > 0.

0.2. Future directions. The results of this paper will serve as a cornerstone for the following

future developments. In a forthcoming paper, we investigate the factorization property of spaces

of coinvariants on singular curves, here defined. In the case of finite rank, following the affine Lie

algebra case treated in [53], the factorization property will allow to determine the Chern classes of

the sheaves V(V ;M•) on Mg,n from Corollary 2 by applying the same recursion solved in [53].

Classes constructed from affine Lie algebras are known to be semi-ample in genus zero [27]; shown

to determine full dimensional subcones of nef cones in all codimension, and used to produce new

birational models of moduli of curves (e.g., [10], [38], [39], [8]). As the representation theory of

conformal vertex algebras has been shown to be richer than the classical case, sheaves V(V ;M•)

are expected to provide new information about the birational geometry of Mg,n.
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1. Background

After reviewing the Virasoro algebra in §1.1, we define a conformal vertex algebra V , in §1.2,

and modules over V , in §1.3. Vertex algebras and their modules depend on a formal variable z.

In §3 we will consider geometric realizations of vertex algebras and their modules independent of

the variable z. For this, we employ certain Lie groups and Lie algebras related to automorphisms

and derivations of CJzK and C((z)) reviewed in §1.4. The Lie algebras arise as Lie sub- or quotient

algebras of the Virasoro algebra. In §1.6–§1.7 we define the particularly important Lie group Aut+O
and Lie algebra L(V ), emphasizing certain properties of their actions on V -modules.

1.1. The Virasoro algebra. Given a C-algebra R, consider the Lie algebra DerK(R) = R((z))∂z
generated over R by the derivations Lp := −zp+1∂z, for p ∈ Z, with relations [Lp, Lq] = (p−q)Lp+q.
Let gl1 be the functor which assigns to R the Lie algebra R with the trivial Lie bracket. The Virasoro

algebra Vir is the functor of Lie algebras defined as the central extension

0→ gl1 ·K → Vir→ DerK → 0

with bracket

[K,Lp] = 0, [Lp, Lq] = (p− q)Lp+q +
K

12
(p3 − p)δp+q,0.

1.2. Conformal vertex algebras. A conformal vertex algebra is the datum (V, |0〉, ω, Y (·, z)),
where:

(i) V = ⊕i≥0Vi is a Z≥0-graded C–vector space with dimVi <∞;

(ii) |0〉 is an element in V0, called the vacuum vector ;

(iii) ω is an element in V2, called the conformal vector ;

(iv) Y (·, z) is a linear operation

Y (·, z) : V → End(V )Jz, z−1K

A 7→ Y (A, z) :=
∑
i∈Z

A(i)z
−i−1.

The series Y (A, z) is called the vertex operator assigned to A.

The datum (V, |0〉, ω, Y (·, z)) is required to satisfy the following axioms:

(a) (vertex operators are fields) for all A,B ∈ V , one has A(i)B = 0, for i >> 0;

(b) (vertex operators and the vacuum) one has Y (|0〉, z) = idV , that is:

|0〉(−1) = idV and |0〉(i) = 0, for i 6= −1,

and for all A ∈ V , one has Y (A, z)|0〉 ∈ A+ zV JzK, that is:

A(−1)|0〉 = A and A(i)|0〉 = 0, for i ≥ 0;

(c) (weak commutativity) for all A,B ∈ V , there exists N ∈ Z≥0 such that

(z − w)N [Y (A, z), Y (B,w)] = 0 in End(V )Jz±1, w±1K;
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(d) (conformal structure) the Fourier coefficients of the vertex operator Y (ω, z) satisfy the

Virasoro relations:î
ω(p+1), ω(q+1)

ó
= (p− q)ω(p+q+1) +

c

12
δp+q,0 (p3 − p) idV ,

for some constant c ∈ C, called the central charge of the vertex algebra. We can then

identify each ω(p) ∈ End(V ) as an action of Lp−1 ∈ Vir on V . Moreover, one has

L0|Vi = i · idV , ∀i and Y (L−1A, z) = ∂zY (A, z).

The vertex operator of the conformal vector gives a representation of the Virasoro algebra on

V , with the central element K ∈ Vir acting on V as multiplication by the central charge c. The

action of L0 coincides with the degree operator on V ; the action of L−1 — called translation — is

determined by L−1A = A(−2)|0〉, for A ∈ V .

As a consequence of the axioms, one has A(i)Vm ⊆ Vm+degA−i−1, for homogeneous A ∈ V (see

e.g. [65]). We will then say that the degree of the operator A(i) is

(1) degA(i) := degA− i− 1, for homogeneous A in V .

We will often abbreviate (V, |0〉, ω, Y (·, z)) with V .

1.3. Modules of conformal vertex algebras. Let (V, |0〉, ω, Y (·, z)) be a conformal vertex alge-

bra. A conformal V -module, or simply a V -module, is a pair (M,YM (·, z)), where:

(i) M = ⊕i≥0Mi is a Z≥0-graded C–vector space with dimMi <∞;

(ii) YM (·, z) is a linear operation

YM (·, z) : V → End(M)Jz, z−1K

A 7→ YM (A, z) :=
∑
i∈Z

AM(i)z
−i−1.

The pair (M,YM (·, z)) is required to satisfy the following axioms:

(a) for all A ∈ V and v ∈M , one has AM(i)v = 0, for i >> 0;

(b) YM (|0〉, z) = idM ;

(c) (weak commutativity) for all A,B ∈ V there exists N ∈ Z≥0 such that for all v ∈ M one

has

(z − w)N
î
YM (A, z), YM (B,w)

ó
v = 0;

(d) (weak associativity) for all A ∈ V , v ∈ M , there exists N ∈ Z≥0 (depending only on A

and v) such that for all B ∈ V one has

(w + z)N
Ä
YM (Y (A,w)B, z)− YM (A,w + z)YM (B, z)

ä
v = 0;

(e) the Fourier coefficients of YM (ω, z) =
∑
i∈Z ω

M
(i)z
−i−1 satisfy the Virasoro relationî

ωM(p+1), ω
M
(q+1)

ó
= (p− q)ωM(p+q+1) +

c

12
δp+q,0 (p3 − p) idM ,

where c ∈ C is the central charge of V . We identify ω(p) ∈ End(M) with an action of

Lp−1 ∈ Vir on M . Moreover, L0 acts semi-simply on M , and YM (L−1A, z) = ∂zY
M (a, z).

From these conditions it follows that if A is a homogeneous element of V , then

(2) AM(i)Mm ⊆Mm+degA−i−1

for all m ≥ 0 and i ∈ Z (see e.g. [65]).
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The Fourier coefficients of YM (ω, z) give an action of the Virasoro algebra on a V -module M ,

with the central element K ∈ Vir acting on M as multiplication by the central charge c of V .

After [49, Thm 3.5.4] or [32, §3.2.1], V satisfies weak associativity. In particular, V is a V -module.

We note that it has been shown that weak associativity and weak commutativity are equivalent

to the Jacobi identity (see for instance [24], [34], [49], [50]).

1.3.1. A conformal V -module M is simple if the only V -submodules of M are itself and the 0

module. The conformal dimension a of a simple V-module M is defined by L0v = (a+ deg v)v, for

homogeneous v ∈M .

1.4. Lie groups and Lie algebras. Here we define a number of Lie groups and their associated

Lie algebras related to automorphisms and derivations of RJzK and R((z)) for a C-algebra R and a

formal variable z.

To begin with, we consider the group functor represented by a group ind-scheme denoted AutO
[32, §6.2.3]: this functor assigns to R the Lie group of continuous automorphisms of RJzK:

R 7→

z 7→ ρ(z) = a0 + a1z + a2z
2 + · · ·

∣∣∣∣ ai ∈ R, a1 a unit,

a0 nilpotent

 .
The group AutO(R) parametrizes topological generators of RJzK, that is, elements t ∈ RJzK such

that RJzK ' RJtK.
Similarly, we consider the functor which assigns to R the Lie group of continuous automorphisms

of RJzK preserving the ideal zRJzK:

R 7→

z 7→ ρ(z) = a1z + a2z
2 + · · ·

∣∣∣∣ ai ∈ R,
a1 a unit

 .
This functor is represented by a group scheme denoted AutO. The group AutO(R) parametrizes

topological generators of zRJzK: elements t ∈ RJzK such that zRJzK ' tRJtK.
Let Aut+O be the group scheme whose Lie group of R-points is

Aut+O(R) =
¶
z 7→ ρ(z) = z + a2z

2 + · · · | ai ∈ R
©
.

Finally, consider the functor which assigns to R the Lie group of continuous automorphisms

of R((z)):

R 7→

z 7→ ρ(z) =
∑
i≥i0

aiz
i

∣∣∣∣∣∣ ai ∈ R, a1 a unit,

ai nilpotent for i ≤ 0

 .
This group functor is represented by a group ind-scheme AutK [32, §17.3.4].

One has the following inclusions:

Aut+O(R) ⊆ AutO(R) ⊆ AutO(R) ⊆ AutK(R).

We will also consider the associated Lie algebras, obtained as the tangent space at the identity:

Der+O := Lie(Aut+O), Der0O := Lie(AutO),

DerO := Lie(AutO), DerK := Lie(AutK),

whose R-points are given by:

Der+O(R) = z2RJzK∂z, Der0O(R) = zRJzK∂z,

DerO(R) = RJzK∂z, DerK(R) = R((z))∂z.
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The 2-cocycle defining the bracket of the Virasoro algebra c(p, q) := 1
12(p3−p)δp+q,0 vanishes for

p, q ≥ −1, hence the Lie algebras DerO(R), Der0O(R), and Der+O(R) are Lie subalgebras of the

Virasoro algebra Vir(R).

1.4.1. Observe that although one has the equalities

AutO(C) = AutO(C) = AutK(C),

the C-points of the associated Lie algebras have strict inclusions

zCJzK∂z ⊂ CJzK∂z ⊂ C((z))∂z.

For instance, the tangent vector ∂z in DerO(C) is the differential of an automorphism which is not

detected over C.

1.5. The action of Aut+O on V -modules. Let V be a conformal vertex algebra, and let M be

a conformal V -module. The action of Vir induces actions of its Lie subalgebras DerO, Der0O, and

Der+O on M .

The Lie algebra Der+O is generated by Lp with p > 0. After (1), each operator Lp with p > 0

has degree −p < 0. Since the gradation on M is bounded from below, that is, Mi = 0 for i << 0,

the action of exp(Lp) is a finite sum, for p > 0, hence the action of Der+O = Lie(Aut+O) can

be exponentiated to a left action of Aut+O on M . Moreover, each M≤i := ⊕m≤iMm is a finite-

dimensional (Aut+O)-submodule of M . The representation of Aut+O on M is the inductive limit

of the representations M≤i.

1.6. The Lie algebra L(V ) associated to a vertex algebra V . Given a vertex algebra V ,

define L(V ) as the quotient

L(V ) :=
Ä
V ⊗ C((t))

ä¿
Im ∂(3)

where ∂ := L−1 ⊗ IdC((t)) + IdV ⊗ ∂t. Denote by A[i] the projection in L(V ) of A⊗ ti ∈ V ⊗ C((t)).

The quotient L(V ) is a Lie algebra, with Lie bracket induced byî
A[i], B[j]

ó
:=
∑
k≥0

Ç
i

k

åÄ
A(k) ·B

ä
[i+j−k]

.

The axiom on the vacuum vector |0〉 implies that |0〉[−1] is central in L(V ).

One has a Lie algebra homomorphism L(V )→ End(V ): the element A[i] is mapped to the Fourier

coefficient A(i) of the vertex operator Y (A, z) =
∑
iA(i)z

−i−1. More generally, L(V ) is spanned by

series of type
∑
i≥i0 fiA[i], for A ∈ V , fi ∈ C, and i0 ∈ Z; the series

∑
i≥i0 fiA[i] maps to

Resz=0 Y (A, z)
∑
i≥i0

fiz
idz

in End(V ) [32, §4.1]. This defines an action of L(V ) on V .

Similarly to §1.4, one can extend L(V ) to a functor of Lie algebras assigning to a C-algebra R

the Lie algebra (V ⊗R((t)))/Im ∂.

The Lie algebra L(V ) has a Lie subalgebra isomorphic to the Virasoro algebra: namely, the

subalgebra generated by the elements

c · |0〉[−1] ' K and ω[p] ' Lp−1, for p ∈ Z,

where |0〉 and ω are the vacuum and the conformal vector, respectively, and c is the central charge of

V . Via the above identification and the axiom on the vacuum vector, the central element K ∈ L(V )

acts on V as multiplication by c. The action of L(V ) on V extends then the action of Vir on V .
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In particular, L(V ) has Lie subalgebras isomorphic to DerO, Der0O, and Der+O, as these are

Lie subalgebras of the Virasoro algebra.

Given a conformal V -module M , there is a Lie algebra homomorphism L(V ) → End(M): the

element A[i] is mapped to the Fourier coefficient AM(i) of the vertex operator YM (A, z). This defines

an action of L(V ) on M extending the action of Vir on M .

1.7. Compatibility of actions of L(V ) and Aut+O on V -modules. The left action of Aut+O
on M gives rise to a right action by v · ρ := ρ−1 · v, for ρ ∈ Aut+O and v ∈M . The action of L(V )

on M induces an anti-homomorphism of Lie algebras

αM : L(V )→ End(M).

The anti-homomorphism αM is compatible with the right action of Aut+O on M in the following

sense:

(i) the restriction of αM to Der+O coincides with the differential of the right action of Aut+O
on M (equivalently, the restriction of −αM to Der+O coincides with the differential of the

left action of Aut+O on M);

(ii) for each ρ ∈ Aut+O, the following diagram commutes

L(V ) End(M)

L(V ) End(M).

αM

Adρ ρ∗

αM

Here, Ad is the adjoint representation of Aut+O on L(V ) induced from

Adρ

(∑
i∈Z

A[i]z
−i−1

)
=
∑
i∈Z

Ä
ρ−1
z ·A

ä
[i]
ρ(z)−i−1

with ρz(t) := ρ(z + t)− ρ(z) and A ∈ V . Finally, ρ∗(−) := ρ−1 (−) ρ.

Property (i) follows from the definition of the action of Aut+O on M as integration of the action

of Der+O on M . Property (ii) is due to Y.-Z. Huang [42, Prop. 7.4.1], [32, §17.3.13]:

ρ−1YM (A, z)ρ = YM (ρ−1
z ·A, ρ(z)), for A ∈ V .

2. Virasoro uniformization for stable coordinatized curves

We present here the Virasoro uniformization. The statement is in [62], following prior work in

[11], [20], [46]. For completeness, we prove the result which we use here, extending to families of

stable curves with singularities the argument for families of smooth curves given in [32].

Let C → S be a family of stable pointed curves over a smooth base S, together with n sections

Pi : S → C and formal coordinates ti defined in a formal neighborhood of Pi(S) ⊂ C. These data

give rise to a moduli map S → ÈMg,n. Assume that each irreducible component of Cs contains at

least one marked point Pi(s), for all s ∈ S. This ensures that C \ P•(S) is affine. Let ∆ be the

divisor of singular curves in S.

Theorem 2.1 (Virasoro uniformization [11], [20], [46], [62]). With notation as above, there exists

an anti-homomorphism of Lie algebras

α : (DerK(C))⊕n “⊗CH
0(S,OS)→ H0 (S, TS(− log ∆))
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extending OS-linearly to a surjective anti-homomorphism of Lie algebroids (see §2.1), called the

anchor map

(4) a : (DerK(C))⊕n “⊗COS TS(− log ∆).

The action of (DerK)n on ÈMg,n induced from α is compatible with the action of (AutO)n on the

fibers of ÈMg,n → Mg,n. The kernel of the anchor map a is the subsheaf whose fiber at a point

(C,P•, t•) in S is the Lie algebra TC(C \ P•) of regular vector fields on C \ P•.

Here and throughout, “⊗ is the completion of the usual tensor product with respect to the natural

grading of DerK(C)). In particular, one has (DerK(C))⊕n “⊗CH
0(S,OS) =

(
DerK

(
H0(S,OS)

))⊕n
.

Our first application of Theorem 2.1 is to show that sheaves MC of V -modules M over a curve C,

and sheaves MCJ over CJ (points of CJ are pairs (P, τ), with P ∈ C, and τ a non-zero 1-jet at P ,

see §2.4) carry natural flat logarithmic connections (Propositions 3.1 and 3.2). When M = V , the

sheaf VC arises in the definition of the Lie algebra LC\P•(V ). These results were known for smooth

curves.

The structure of ÈMg,n is summarized in Figure 1 (see §2.2). The proof of Theorem 2.1 is contained

in the remaining part of the section: the map α is described in §2.2.1, compatibility in §2.2.2. The

space ÈMg,n is a principal (AutO)n-bundle overMg,n. We will also need the intermediate principal

bundle J 1,×
g,n , which is the moduli space of elements of type (C,P•, τ• = (τ1, . . . , τn)) such that τi

a non-zero 1-jet of a formal coordinate at Pi (see §2.3). In §2.5, we describe the restriction of the

anchor map to a curve C and discuss the uniformization of A utC , the fiber of ÈMg,1 →Mg.ÈMg,n

n∏
i=1

A utPi,τi

n∏
i=1

A utPi

J 1,×
g,n Mg,n

Spec(C) Spec(C)

(A
u
t +
O

)
n (A

u
tO

) n

Gm

(C
,P•
,τ•

) (C,P• )

Figure 1. The structure of moduli spaces of coordinatized curves.

2.1. Lie algebroids. Following [19], we briefly review the definition of an Atiyah algebroid, referred

to here. A logarithmic version is used in §6 and §7. Let S be a scheme over C. An Atiyah algebroid

A over S is a quasi-coherent OS-module together with a C-linear bracket [·, ·] : A ⊗C A → A and

an OS-module homomorphism a : A → TS called the anchor map, for which: (i) a is a Lie algebra

homomorphism, and (ii) [x1, fx2] = f [x1, x2] + (a(x1) · f)x2, for x1 and x2 in A and f ∈ OS . The

tangent sheaf with the identity anchor map is the simplest example of an Atiyah algebroid.

2.2. Description of ÈMg,n. The space ÈMg,n is a principal (AutO)n-bundle over Mg,n. Indeed,

consider the forgetful map ÈMg,n →Mg,n. When n = 1, the fiber over a C-point (C,P ) of Mg,1 is
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the set of formal coordinates at P , i.e.,

A utP :=
¶
t ∈ “OP | t(P ) = 0, (dt)P 6= 0

©
.

Here “OP is the completed local ring at the point P ; after choosing a formal coordinate t at P , one

has “OP ' CJtK. The set A utP admits a simply transitive right action of the group AutO(C) by

change of coordinates:

A utP ×AutO(C)→ A utP , (t, ρ) 7→ t · ρ := ρ(t).

Elements of AutO(C) are power series a1z+ a2z
2 + · · · , such that a1 6= 0, and the group law is the

composition of series. Thus, A utP is an (AutO)-torsor over a point. More generally, ÈMg,n is an

(AutO)n-torsor over Mg,n.

2.2.1. Description of α. The map α can be constructed as the differential of the right action of the

group ind-scheme (AutK)n on ÈMg,n preserving the divisor ∆ (as in [32, §17.3.4]). As differential of

a right action, the map α is an anti-homomorphism of Lie algebras, that is, α([l,m]) =−[α(l), α(m)].

The action is constructed as follows. The group ind-scheme (AutK)n acts naturally on the

punctured formal discs of the n marked points on stable n-pointed curves. Given a stable n-

pointed curve (C,P•) and an element ρ ∈ (AutK)n, one glues C \ P• and the formal discs of the

n marked points by twisting with the automorphism ρ of the n punctured formal discs to obtain

a stable pointed curve. The resulting curve has the same topological type of the starting curve; in

particular, the action preserves the divisor ∆. This description of the action can be carried out in

families, as in [32, §17.3.4]. As each irreducible component of a pointed curve (C,P•) is assumed to

have at least one marked point, the open curve C \P• is affine, as are the formal discs at the marked

points. Since smooth affine varieties have no non-trivial infinitesimal deformations, all infinitesimal

deformations are obtained by the differential of the action of (AutK)n, hence the surjectivity of

the anchor map a.

The map α also follows from a canonical map from (DerK)n to the space of tangent directions

preserving ∆ at any point (C,P•, t•) in ÈMg,n. The Lie subalgebra (DerO)n is canonically isomor-

phic to the space of tangent directions preserving the nodes of C along the fiber of the forgetful mapÈMg,n →Mg, as in §2.5.1. Finally, the vector fields tpi ∂ti with p < 0 on the punctured disk around

the point Pi having a pole at Pi correspond to infinitesimal changes of the complex structure on

the curve C preserving the topological type of C (hence preserving ∆).

2.2.2. The action of (DerK)n on ÈMg,n via α is compatible with the right action of (AutO)n along

the fibers of ÈMg,n →Mg,n, that is:

(i) the restriction of α to the Lie subalgebra (Der0O)n = Lie((AutO)n) of (DerK)n coin-

cides with the differential of the right action of (AutO)n along the fibers of the principal

(AutO)n-bundle ÈMg,n →Mg,n;

(ii) for each ρ ∈ (AutO)n, the following diagram commutes

(DerK(C))⊕n “⊗CH
0(S,OS) H0

(ÈMg,n, TËMg,n
(− log ∆)

)

(DerK(C))⊕n “⊗CH
0(S,OS) H0

(ÈMg,n, TËMg,n
(− log ∆)

)
.

α

Adρ ρ∗

α

That is, α(Adρ(·)) = ρ∗(α(·)). Here, Ad is the adjoint representation of (AutO)n on

(DerK)n. Moreover, ρ∗(α(·)) := ρ−1 α(·) ρ.
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2.3. The moduli space J 1,×
g,n . A 1-jet at a smooth point P on a stable curve is an equivalence

class of functions for the relation: τ ∼ σ if and only if τ − σ ∈ m2
P , for τ and σ ∈ “OP , where

mP is the maximal ideal of “OP . We say that τ is the 1-jet of t ∈ “OP if τ is the equivalence class

represented by t. Let

A utP,τ := {t ∈ A utP | τ is the 1-jet of t}.
This is an (Aut+O)-torsor over a point, with Aut+O acting on the right by change of coordinates.

Recall that Aut+O is the subgroup of AutO of elements ρ(z) = z+ a2z
2 + · · · . One can show that

AutO = Gm n Aut+O.

Let J 1,×
g,n be the moduli space of objects of type (C,P•, τ•), where (C,P•) is an n-pointed, genus

g stable curve and τ• = (τ1, . . . , τn) with each τi a non-zero 1-jet of a formal coordinate at Pi.

The space J 1,×
g,n is a principal (Gm)n-bundle over Mg,n. Let Ψi be the cotangent line bundle on

Mg,n corresponding to the i-th marked point. We identify J 1,×
g,n with the product of the principal

C×-bundles Ψi \ {zero section} over Mg,n, for i = 1, . . . , n.

There is a natural map Êπ : ÈMg,n → J
1,×
g,n obtained by mapping each local coordinate to its 1-jet.

This realizes ÈMg,n as a principal (Aut+O)n-bundle over J 1,×
g,n . The action of (DerK)n on ÈMg,n

from (4) is compatible with the action of (Aut+O)n along the fibers of Êπ, as in §2.2.2.

2.4. Coordinatized curves. Recall that the forgetful morphism Mg,1 →Mg identifies the uni-

versal curve of Mg: we can then realize every stable curve C as the fiber of that forgetful map

over the Spec(C) point of Mg corresponding to C. We can then define A utC as the fiber of the

map ÈMg,1 → Mg over the natural map C → Mg,1 (Figure 2). The bundle A utC is a principal

(AutO)-bundle on C whose fiber at a smooth P ∈ C is A utP . The description of the fiber over

nodal points goes as follows: sinceMg,1 is the universal curve overMg via stabilization, we replace

the curve C marked by the node P with its stable reduction (C ′, P ′) and then the fiber of A utC
over P is the space A utP ′ . Equivalently, if P is a node, we replace C with its partial normalization

CN at P and consider the two points P+ and P− lying above P . The fibers over P+ and P− are

A utP+ and A utP− , which are canonically isomorphic via the map sending ρ to ρ−1, and so they

define the fiber of A utC at the node P . The bundle A utC is locally trivial in the Zariski topology.ÈMg,1 A utC

J 1,×
g,1 CJ

Mg,1 C

Mg Spec(C)

AutO

Aut+O

Gm

Figure 2. The definition of A utC and CJ .

Similarly, let CJ be the fiber of the forgetful map J 1,×
g,1 →Mg,1 over the point C in Mg,1. The

space CJ is a principal Gm-bundle on C, whose points are pairs (P, τ), with P a stable point in

C, and τ a non-zero 1-jet of a formal coordinate at P . Mapping a formal coordinate to its 1-jet
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realizes A utC as a principal (Aut+O)-bundle on CJ , whose fibers at (P, τ) is A utP,τ , as pictured

in Figure 3.

A utC

A utP,τ A utP

CJ C

(P, τ) P

A
ut
+
O A

utO

Gm

Figure 3. The structure of A utC .

2.5. Uniformization of A utC . As described in [32, §17.1], the Lie algebra DerO has a simply

transitive action on the space A utC over a smooth curve C. Here we discuss the action, and

generalize it to the case of stable curves. Given a stable curve C, let D be the divisor in A utC
lying over the singular locus of C. Let TA utC (− logD) be the sheaf of C-linear derivations of A utC
which preserve the ideal defining D. There is an anti-homomorphism of Lie algebras

(5) αC : DerO(C)“⊗CH
0(A utC ,OA utC )→ H0 (A utC ,TA utC (− logD))

described below in §2.5.1, that extends OA utC -linearly to an anti-isomorphism of Lie algebroids

(6) aC : DerO(C)“⊗C OA utC
∼−→ TA utC (− logD).

The restrictions of the maps α and a from Theorem 2.1 to the fiber of the forgetful map ÈMg,1 →Mg

over a point C in Mg coincide with the maps αC and aC , respectively.

2.5.1. Description of αC . A heuristic description of the map αC as a bijection of vector spaces can

be given by showing how to each element of DerO corresponds a vector field on A utC preserving

the divisor D. Since a vector field is the choice of a tangent vector at each point, it is enough to

assign to each element of DerO a tangent vector preserving D at each point in A utC .

Consider the following diagrams:

A utC Aut+O

CJ Spec(C),

f

p

CJ Gm

C Spec(C).

q

g

Since A utC (resp. CJ) is a principal (Aut+O)-bundle (resp. Gm-bundle), locally the two diagrams

are cartesian. This implies that we can decompose the tangent sheaf of A utC and CJ as the

following direct sums

TA utC (− logD) = p∗TCJ(− logD)⊕ f∗TAut+O,

TCJ(− logD) = q∗TC(− logD)⊕ g∗TGm .

Observe that the elements of TC are derivations of OC which preserve the ideal defining the singular

points, so we can rewrite the above equality as

TCJ(− logD) = q∗TC ⊕ g∗TGm .
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Combining the two decompositions, we obtain

TA utC (− logD) = p∗q∗TC ⊕ p∗g∗TGm ⊕ f∗TAut+O.

From this characterization, it follows that the tangent space of TA utC at a point (P, t), where P is

a smooth point of C, can be described as the sum

TC,P ⊕ TGm ⊕ TAut+O

which is isomorphic to

(7) C∂t ⊕ Ct∂t ⊕Der+O(C) = DerO(C).

The space Ct∂t corresponds to infinitesimal changes of the 1-jet τ of t fixing the point P . In

the same spirit, the space C∂t is identified with the tangent direction at (P, t) corresponding to

infinitesimal changes of the point P on the curve.

Note that when P is non smooth, we can replace (C,P ) with its stable reduction (C ′, P ′) where

P ′ lies in a rational component of C ′. Also in this case we obtain that the space is isomorphic

to (7). In this case, however, infinitesimal changes of the point P ′ on the rational component are

identified by the automorphisms of the rational component, hence the tangent space C∂t is zero at

P ′. It follows that all tangent directions described above preserve the singular locus D in A utC .

From this identification of DerO with the space of tangent directions preserving D at any point

in A utC , an element of DerO gives rise to a tangent vector at each point of A utC , hence a vector

field on A utC preserving D.

More precisely, the map αC is given by taking the differential of the right action of the exponential

of DerO. Recall that the exponential of DerO is the group ind-scheme AutO (see §1.4). Consider

the principal (AutO)-bundle

A ut C := AutO ×
AutO

A utC

on C. For a C-algebra R, an R-point of A ut C is a pair (P, t), where P is an R-point of C, and t

is an element of R“⊗ “OP such that there is a continuous isomorphism of algebras R“⊗ “OP ' RJtK.
The group ind-scheme AutO has a right action on A ut C , and the differential of this action gives

the map αC . The argument is presented in [32, §17.1.3] for smooth curves and generalizes to nodal

curves.

3. V -module sheaves on curves and their flat logarithmic connections

Here given a V -module M , we define sheaves MC over a curve C, and MCJ over CJ (points

of CJ are pairs (P, τ), with P ∈ C, and τ a non-zero 1-jet at P , see §2.4). The most important

for our applications is the sheaf VC , where V is considered as a module over itself. We show that

MCJ and VC have flat logarithmic connections (Propositions 3.1 and 3.2). These results have been

proved for smooth curves, and here we extend the results to stable curves with singularities using

the Virasoro uniformization (Theorem 2.1).

Proposition 3.2 is used to define vector spaces of coinvariants and their sheaves (see §4 and §5).

While one does not obtain a projectively flat connection on V -module sheaves in families, one does

obtain a twisted logarithmic D-module structure on certain quotients, giving rise to projectively

flat connections on the sheaves of coinvariants (Theorems 6.1 and 1).

The structure of a V -module sheaf is summarized in Figure 4. Throughout, these sheaves may

have infinite rank.
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MCJ MC

MP,τ MP

CJ C

(P, τ) P

Gm

Figure 4. The structure of a V -module bundle.

3.1. The sheaf MCJ . In §3.1.1 we describe the sheaves MCJ , and in §3.1.2 we define the connection

∇ which will be used to define the sheaves of coinvariants in §4.

3.1.1. Description. Let V be a conformal vertex algebra, and M = ⊕i≥0Mi a conformal V -module.

Let (C,P ) be a stable pointed curve. Consider the trivial vector bundle

MA utC := A utC × lim−→
i

M≤i = lim−→
i

A utC ×M≤i

on A utC , where we still denote by M≤i the finite-dimensional affine complex space associated with

the C-vector space M≤i. A C-point of MA utC is a triple (P, t,m), where P is a C-point of the

curve C, t is a local coordinate at P , and m is an element of the module M . Observe that for an

infinite-dimensional vector space M , the vector bundle MA utC is not an affine scheme over A utC ,

but an ind-scheme. By abuse of notation, we will simply write

MA utC := A utC ×M.

The sheaf of sections MA utC of the natural map MA utC → A utC is locally free of infinite rank.

As discussed in §2.4, A utC is a principal (Aut+O)-bundle over CJ , hence has a right action of

Aut+O. The left action of Aut+O on the modules M≤i, as in §1.5, induces a right action of Aut+O
on M≤i, as in §1.7. It follows that A utC ×M≤i has an equivariant right action of Aut+O. This

action is compatible with the inductive limit, so it induces an equivariant right action of Aut+O
on MA utC . On the C-points of MA utC , the action of Aut+O is:

MA utC (C)×Aut+O(C) → MA utC (C)

(P, t,m)× ρ 7→
(
P, t · ρ, ρ−1 ·m

)
.

(8)

The quotient of MA utC by this action descends to a vector bundle on CJ = A utC/Aut+O:

MCJ := A utC ×
Aut+O

M.

Recall that p : A utC → CJ is the natural projection. The sheaf of sections

MCJ := (M ⊗ p∗OA utC )Aut+O

of MCJ is then a locally free OCJ -module of infinite type.

The fibers ofMCJ on CJ are described as follows. The fiber ofMA utC over a point (P, τ) ∈ CJ(C)

is the trivial bundle A utP,τ ×M on A utP,τ . The group Aut+O acts equivariantly on A utP,τ ×M ,

as in (8). The fiber of MCJ over (P, τ) ∈ CJ(C) is the space

(9) MP,τ := A utP,τ ×
Aut+O

M
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defined as the quotient of A utP,τ ×M modulo the relations

(t · ρ,m) = (t, ρ−1 ·m), for ρ ∈ Aut+O(C) and (t,m) ∈ A utP,τ ×M.

One can identify MP,τ with {(τ,m) |m ∈ M} ' M . Thus we regard MP,τ as a realization of the

module M assigned at the pair (P, τ). It is independent of the curve C.

3.1.2. The flat logarithmic connection on MCJ . The strategy to produce a flat logarithmic connec-

tion on MCJ is to first construct a flat logarithmic connection on the trivial bundle A utC×M on

A utC induced by the action of the Lie algebra DerO. Since the action of DerO is shown to be

(Aut+O)-equivariant in the sense of §2.2.2, the connection then descends to MCJ . For a smooth

curve, this has been treated in [32, §17.1].

As discussed in §1.7, the action of L(V ) on M gives rise to an anti-homomorphism of Lie algebras

αM : DerO(C)→ End(M).

The map αM extends to an anti-homomorphism of sheaves of Lie algebras

βC : DerO(C)“⊗C OA utC → End(M)⊗C OA utC(10)

defined by

l ⊗ f 7→ αM (l)⊗ f + idM ⊗ (αC(l) · f), for l ∈ DerO(C) and f ∈ OA utC .

From (5), αC maps an element of DerO to a vector field on A utC , hence the action on regular

functions above is by derivations. Composing with (6), the map (10) gives rise to a homomorphism

of sheaves of Lie algebras

TA utC (− logD)→ End(M)⊗C OA utC(11)

where the target is the sheaf of endomorphisms of A utC×M , and D is the divisor in A utC lying

over the singular locus in C.

The properties of the maps αC and αM described respectively in §2.2.2 and §1.7 imply that

the map (11) is (Aut+O)-equivariant. This is one of the main ingredients to deduce the following

statement:

Proposition 3.1. The sheaf MCJ is naturally equipped with a flat logarithmic connection, i.e. a

homomorphism of Lie algebras

TCJ(− logD)→ End (MCJ) .(12)

Proof. Consider the exact sequence involving the tangent sheaves of A utC and CJ :

(13) 0→ T vert
A utC

→ TA utC (− logD)→ p∗TCJ(− logD)→ 0.

From the isomorphism TA utC (− logD) ' DerO(C)“⊗C OA utC and the fact that the elements ti∂t⊗f
are killed in p∗TCJ(− logD) if i ≥ 2, we deduce that

T vert
A utC

' Der+O(C)“⊗C OA utC .

In particular this implies that pushing forward the exact sequence (13) and taking (Aut+O)-

invariants, we can describe TCJ(− logD) as the quotientÄ
DerO(C)“⊗C p∗OA utC

äAut+O
/
Ä
Der+O(C)“⊗C p∗OA utC

äAut+O
.

In order to induce a connection on MCJ from the one on M , it is sufficient to prove that

(Der+O(C)“⊗C OA utC )Aut+O acts trivially on MCJ . By definition, the action of T vert
A utC

on M ⊗
OA utC is obtained by differentiating the natural action of Aut+O. Since MCJ is given by the
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elements of MA utC on which Aut+O acts as the identity, then the associated Lie algebra action

will be trivial, concluding the argument. �

For the reader familiar with the localization of modules of Harish-Chandra pairs ([19]; see also

[17, §3]), the construction in this section is the result of the localization with respect to the Harish-

Chandra pair (DerO,Aut+O): the (DerO,Aut+O)-module M is transformed to the logarithmic

D-module MCJ on CJ .

3.2. The sheaf MC . In §3.2.2 we describe the sheaf MC , and in §3.2.4, using the flat logarithmic

connection on VCJ , we show there is a flat logarithmic connection on VC .

3.2.1. The case M = V . When M = V , the action of L0 = −z∂z defines the integral gradation

of V : v ∈ Vi if and only if L0(v) = iv. The integral gradation gives rise to a C×-action on V , as

in (15). It follows that the action of Der0O = Lie(AutO) on V from §1.6 can be integrated to

an action of AutO = Gm n Aut+O on V . Replacing Aut+O with AutO in §3.1 and §3.1.2, one

produces the vertex algebra bundle

VC := A utC ×
AutO

V

on C, whose sheaf of sections

VC := (V ⊗ OA utC )AutO

is a quasi-coherent locally free OC-module. Being (AutO)-equivariant, the connection from (11)

gives rise to a flat logarithmic connection

TCJ(− logD)⊗ VC → VC .(14)

3.2.2. C×-equivariance. In general, the action of L0 cannot be integrated to an action of C×, unless

the action of L0 has only integral eigenvalues.

We obtain an action of C× in a different way. Our assumption is that a V -module M is Z-graded,

with gradation bounded from below. The Z-gradation induces an action of C× on M :

z · v := z− deg vv, for z ∈ C× and homogeneous v ∈M.(15)

This allows one to define a C×-equivariant action on MCJ → CJ :

(τ, v) · z := (τ · z, z−1 · v), for z ∈ C×, τ 6= 0 a 1-jet, and v ∈M .

As CJ is a principal Gm-bundle on the curve C, the bundle MCJ descends to a bundle MC on C:

MC := (MCJ)C
×
.

Namely, MC is the quotient of MCJ by the relations

(τ · z, v) = (τ, z− deg vv), for z ∈ C×, τ 6= 0 a 1-jet, and homog. v ∈M.

This is the largest C×-invariant quotient of MCJ . We denote by MC the sheaf of sections of MC :

MC := (MCJ)C
×
,

and by MP the fiber of MC over a point P ∈ C.

Note that when L0(v) = (deg v)v for homogeneous v ∈ M (e.g., M = V ), the L0-action on M

integrates to the C×-action in (15) on M . In general, the eigenvalues of L0 are complex numbers,

and thus L0(v) 6= (deg v)v ∈ Zv.
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3.2.3. Description of the action of Gm on the sheaf of sections. We know that locally on CJ the

sheaf MCJ is locally free, hence isomorphic to M ⊗ OCJ . Moreover, we can further assume that

CJ = Spec(R[w,w−1]) where R is the coordinate ring of C. The action of an element z ∈ C× on

MCJ is then given by the morphism

M ⊗R[w,w−1]→M ⊗R[w,w−1], v ⊗ wn 7→ z− deg v+nv ⊗ wn.

This description implies that the invariants under this action are linear combinations of elements

of the type v ⊗ wdeg v for v ∈M . We will use this description in §7.

3.2.4. The connection on VC . With an argument analogous to the proof of Proposition 3.1, one

can show that VC has a flat logarithmic connection:

Proposition 3.2. The sheaf VC is naturally equipped with a flat logarithmic connection, i.e. there

is a morphism

(16) ∇ : VC → VC ⊗ ωC

arising from an action of the Lie algebra TC on VC .

Proof. The action of the tangent sheaf TCJ(− logD) on MCJ is C×-equivariant, so we obtain that

TCJ(− log(D))C
×

acts on MC . We are interested in M = V , in which case the action of L0 on V

can be integrated to an action of C×, hence, using an argument similar to the one given for the

proof of Proposition 3.1, it follows that TC(− logD), which coincides with TC , acts on VC . For

what follows it is more convenient to describe this action on VC in terms of differentials: we can

rewrite the natural action of TC on VC as a morphism

Ω∨C ⊗ VC → VC

that via the canonical map ΩC → ωC , induces a map ω∨C ⊗ VC → VC , equivalent to ∇ in (16). �

4. Spaces of coinvariants

For a stable n-pointed curve (C,P•) and V -modules M• = (M1, . . . ,Mn), we describe vector

spaces of coinvariants VJ(V ;M•)(C,P•,τ•) at (C,P•, τ•) (dependent on a choice of non-zero 1-jets τ•
at the marked points, see (21)), and V(V ;M•)(C,P•) at (C,P•) (independent of jets, see (22)) given

by the action of the Lie algebra LC\P•(V ) associated to (C,P•) and the conformal vertex algebra V

(see (17)). Recall that for a representation M of LC\P•(V ), the space of coinvariants of M is the

quotient M/LC\P•(V ) ·M; this is the largest quotient of M on which LC\P•(V ) acts trivially.

As explained in §4.2, for each marked point Pi, the Lie algebra LPi(V ) (see (18)) gives a

coordinate-free realization of L(V ) (see (3)) based at Pi by [32, Cor. 19.4.14]. Following Lemma 4.1,

the Lie algebra LPi(V ) acts on the coordinate-free realization of the V -module M i based at Pi. In

§4.3 we will see that this induces an action of LC\P•(V ) on the coordinate-free realization of ⊗iM i

based at the marked points P•.

Finally, in §4.4, we gather a few statements concerning the Virasoro vertex algebra Virc and the

action of TC(C \P•) — the Lie algebra of regular vector fields on C \P• — on spaces of coinvariants

that will be used later in §6 and §7. The residue theorem plays a role in the proof of Lemma 4.2,

as in the classical case.
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4.1. The Lie algebra LC\P•(V ). Given a stable n-pointed curve (C,P•) and a conformal vertex

algebra V , the vector space

LC\P•(V ) := H0 (C \ P•,VC ⊗ ωC/Im∇)(17)

is a Lie algebra (as in the case C smooth proved in [32, Cor. 19.4.14]). Here VC is the vertex algebra

sheaf on C from §3.2.1, and ∇ its flat connection from (16).

4.2. The Lie algebra LP (V ). For a stable pointed curve (C,P ), let D×P be the punctured disk

about P on C. That is, D×P = Spec KP , where KP is the field of fractions of “OP , the completed

local ring at P . Given a conformal vertex algebra V , let VC be the vertex algebra sheaf on C from

§3.2.1, and ∇ its flat connection from (16). Define

LP (V ) := H0
Ä
D×P ,VC ⊗ ωC/Im∇

ä
.(18)

The vector space LP (V ) forms a Lie algebra isomorphic to L(V ) [32, Cor. 19.4.14], and can be

thought of as a coordinate-independent realization of L(V ) based at P . Moreover, the action of

L(V ) on a V -module M extends to an action of the Lie algebra LP (V ) on MP,τ (see (9)), for any

non-zero 1-jet τ at P [32, Thm 7.3.10]. Similarly, the following lemma shows that the action of

L(V ) on M induces a coordinate-independent action of LP (V ) on MP (§3.2.2).

Lemma 4.1. There exists an anti-homomorphism of Lie algebras

αM : LP (V )→ End(MP ).

When the action of L0 on M has integral eigenvalues, Lemma 4.1 is the content of [32, §7.3.7].

In general, the proof proceeds as in [32, §6.5.4]. We present it here for completeness.

Proof. One first shows that it is possible to define a coordinate-free version of the map YM (−, z).
This is a map YMP which assigns to every section in H0(D×P ,VC) an element of End(MD×P

). Let

us fix elements s ∈ H0(D×P ,VC), v ∈ MP , and φ ∈ M∨P . To define YMP , it is enough to assign an

element

〈φ,YMP (s)v〉 ∈ OC(D×P )

to every s, v, and φ as above. Once we choose a local coordinate z at P , we can identify s with an

element Az of V JzK, the element v with an element vz of M and φ with an element φz of M∨. Since

the map YMP must be ODP -linear, we can further assume that Az ∈ V , and that it is homogeneous.

We then define

〈φ,YMP (s)v〉 := φz
Ä
YM (Az, z)vz

ä
.

We have to show that this is independent of the choice of the coordinate z. It has already been

shown in [32, §7.3.10] that this map is (Aut+O)-invariant, so we only show that it is invariant

under the change of coordinate z → w := az for a ∈ C×, i.e., we are left to prove the equality

(19) φz
Ä
YM (Az, z)vz

ä
= φw

Ä
YM (Aw, w)vw

ä
.

We need to compare Az, vz, and φz with Aw, vw, and φw. Unraveling the action of C× on V and

M coming from the change of coordinate as described in (15), we see that

Aw = a−1 ·Az = adegAzAz, vw = a−1 · vz = adeg vzvz,

where we assume that vz is homogeneous for simplicity. Finally, the element φw is just the compo-

sition of φz with the action of a on M . We can then rewrite the right-hand side of equation (19)

as

(φz ◦ a)
Ä
YM (adegAzAz, az)a

deg vvz
ä
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so it is enough to show that

YM (Az, z)vz = a ·
Ä
YM (adegAzAz, az)a

deg vvz
ä

in MJz, z−1K.

One has

a ·
Ä
(adegAzAz)(i)a

deg vv(az)−i−1
ä

= adegAz+deg vz−i−1a ·
Ä
(Az)(i)vz

ä
z−i−1

= adegAz+deg vz−i−1−deg(Az)(i)(v)(Az)(i)vzz
−i−1 = (Az)(i)vzz

−i−1.

The last equality follows from (2). We conclude that YMP is well defined. In fact this is a particular

case of a more general result proved in [42]. Using the residue theorem and an argument similar to

[32, §6.5.8], we induce from YMP the dual mapÄ
YMP

ä∨
: H0(D×P ,V ⊗ ωC)→ End(MP ).

It remains to show that this factors through a map

αM : H0(D×P ,V ⊗ ωC/Im∇)→ End(MP ).

This can be checked by choosing a local coordinate at P as in [32, §7.3.7]. �

4.3. Coinvariants. Fix a stable n-pointed curve (C,P•) with marked points P• = (P1, . . . , Pn).

One has a Lie algebra homomorphism by restricting sections

(20) LC\P•(V )→ ⊕ni=1LPi(V ), µ 7→ (µP1 , . . . , µPn) .

This is as in the case C smooth proved in [32, Cor. 19.4.14].

We assume below that each irreducible component of C contains a marked point; in particular,

C \ P• is affine.

Fix τ• = (τ1, . . . , τn), where each τi is a non-zero 1-jet at Pi. Given an n-tuple of V -modules

M• := (M1, . . . ,Mn), the space of coinvariants of M• at (C,P•, τ•) is defined as the quotient

VJ(V ;M•)(C,P•,τ•) := ⊗ni=1M
i
Pi,τi

/
LC\P•(V ) ·

Ä
⊗ni=1M

i
Pi,τi

ä
.(21)

Here, M i
Pi,τi

is the coordinate-independent realization of M i assigned at (Pi, τi) as in (9). The

action of LC\P•(V ) is the restriction of the action of ⊕ni=1LPi(V ) via (20):

µ · (A1 ⊗ · · · ⊗An) =
n∑
i=1

A1 ⊗ · · · ⊗ αM i(µPi) ·Ai ⊗ · · · ⊗An,

for Ai ∈M i
Pi,τi

and µ ∈ LC\P•(V ).

Similarly, the space of coinvariants of M• at (C,P•) is defined as the quotient

V(V ;M•)(C,P•) := ⊗ni=1M
i
Pi

/
LC\P•(V ) ·

Ä
⊗ni=1M

i
Pi

ä
.(22)

Here, M i
Pi

is the coordinate-independent realization of M i assigned at Pi as in §3.2.2.
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4.4. The vertex algebra Virc and triviality of the action of TC(C \ P•) on coinvariants.

For c ∈ C, let U(Vir) be the universal enveloping algebra of the Virasoro algebra Vir, and define

Virc = IndVir
DerO⊕CK Cc = U(Vir)⊗U(DerO⊕CK) Cc,

where DerO acts by zero and K acts as multiplication by c on the one dimensional module Cc ' C.

One has that Virc has central charge c as a module over the Virasoro algebra, and has the structure

of a conformal vertex algebra (see [32, §2.5.6] for this and more details about Virc).

Let TC(C \ P•) be the Lie algebra of regular vector fields on C \ P•. For V -modules M• =

(M1, . . . ,Mn), we will see that the action of LC\P•(Virc) extends an action of TC(C \ P•) on

coordinate-free realizations of ⊗iM i, hence:

Lemma 4.2. TC(C \ P•) acts trivially on VJ(Virc;M
•)(C,P•,τ•) and V(Virc;M

•)(C,P•).

Proof. When n = 1, and necessarily C smooth to ensure that C \P is affine, one has TC(C \P ) ↪→
LP (Virc) by [32, §19.6.5]. It follows that

TC(C \ P ) ↪→ Im
Ä
LC\P (Virc)→ LP (Virc)

ä
.

For more marked points, as in [32, §19.6.5], one has that

Im
Ä
LC\P•(Virc)→ ⊕ni=1LPi(Virc)

ä
contains an extension of TC(C \ P•) by the image of the map ϕ

H0(C \ P•, ωC/dOC) ⊕ni=1H
0(D×Pi , ωC/dOC) ⊕ni=1LPi(Virc)

LC\P•(Virc) Cn

ϕ

'

inside the central space (isomorphic to) Cn of ⊕ni=1LPi(Virc). The map ϕ is obtained by restricting

sections. The space of sections of ωC/dOC on D×Pi is isomorphic to C for each i, as such sections are

identified by their residue at Pi. The inclusions above are induced from ωC ↪→ V irc ⊗ ωC , which

gives an inclusion ωC/dOC ↪→ V irc ⊗ ωC/Im∇. Here, V irc is the sheaf VC for V = Virc.

As C \P• is affine, one has H0(C \P•, ωC) � H0(C \P•, ωC/dOC). By the residue theorem, the

image of ϕ consists of the hyperplane of points (r1, . . . , rn) in Cn such that r1 + · · · + rn = 0. As

each central space C ⊂ LPi(Virc) is C ' C · |0〉[−1], and |0〉[−1] acts as the identity, the image of ϕ

acts trivially. �

For any conformal vertex algebra V of central charge c, there is a vertex algebra homomorphism

Virc → V [32, §3.4.5]. This gives a surjection V(Virc;M
•)(C,P•) � V(V ;M•)(C,P•) and similarly

for the coinvariants VJ(−;M•)(C,P•,τ•) [32, §10.2.2].

The following statement will be used in the proof of Theorem 6.1.

Lemma 4.3. TC(C \ P•) acts trivially on VJ(V ;M•)(C,P•,τ•) and V(V ;M•)(C,P•).

Proof. Equivalent to the surjection on coinvariants referred to above, one has inclusions

LC\P•(Virc) ·
Ä
⊗ni=1M

i
Pi

ä
↪→ LC\P•(V ) ·

Ä
⊗ni=1M

i
Pi

ä
,

LC\P•(Virc) ·
Ä
⊗ni=1M

i
Pi,τi

ä
↪→ LC\P•(V ) ·

Ä
⊗ni=1M

i
Pi,τi

ä
.

Therefore, Lemma 4.3 follows from Lemma 4.2. �
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5. Sheaves of coinvariants

In this section we define the sheaves of coinvariants ÁVg(V ;M•), VJg (V ;M•), and Vg(V ;M•) on

the moduli spaces ÈMg,n, J 1,×
g,n , and Mg,n. We will sometimes drop the g or the V in the notation

(or both), when the context makes it clear.

Working in families [32, §17.3.9], one defines a sheaf of Lie subalgebras LC\P•(V ) with fibers equal

to the Lie algebra LC\P•(V ) from (17). This is used to define the sheaf of coinvariants ÁVg(V ;M•)

on ÈMg,n (§5.2). In §5.3.1 we will see that ÁVg(V ;M•) is an (Aut+O)n-equivariant OËMg,n
-module,

hence descends along the principal (Aut+O)n-bundle Êπ : ÈMg,n → J
1,×
g,n , allowing one to describe the

sheaf VJg (V ;M•) on J 1,×
g,n (Def. 2). A second descent in §5.3.2 gives the sheaf Vg(V ;M•) on Mg,n

(Def. 3). The structure and relationships between the three sheaves of coinvariants are summarized

in Figure 5. ÁVg(V ;M•)

VJg (V ;M•) Vg(V ;M•)

VJ(V ;M•)(C,P•,τ•) V(V ;M•)(C,P•)ÈMg,n

J 1,×
g,n Mg,n

Spec(C) Spec(C)

(C,P•,τ•) (C,P•)

Figure 5. The structure of sheaves of coinvariants.

5.1. Sheaves of Lie algebras on Mg,n and on ÈMg,n. We will first define a sheaf of Lie algebras

LC\P•(V ) onMg,n, which we can regard as a sheaf on ÈMg,n by choosing formal coordinates at the

marked points (that is, by pulling LC\P•(V ) back to ÈMg,n along the projection ÈMg,n →Mg,n.

Identify πn+1 : Mg,n+1 → Mg,n with the universal curve πn+1 : Cg,n → Mg,n. Let Eg,n+1 be

the moduli space of (n + 1)-pointed genus g curves, together with a formal coordinate at the last

marked point. The natural projection Eg,n+1 → Mg,n+1 realizes Eg,n+1 as a principal (AutO)-

bundle on Cg,n.

The group AutO acts equivariantly on the trivial vector bundle Eg,n×V over Eg,n. The quotient

of Eg,n × V modulo the action of AutO descends to a vector bundle

VCg,n := Eg,n ×
AutO

V

on Cg,n. Let VCg,n denote the sheaf of sections of VCg,n . As in §3.2.1, the trivial bundle Eg,n×V has

a flat logarithmic connection along the fibers of πn+1 : Cg,n → Mg,n. The connection is (AutO)-

equivariant, hence descends to a flat logarithmic connection on VCg,n along the fibers of πn+1:

∇ : VCg,n → VCg,n ⊗ ωπn+1 .

Define

(23) LC\P•(V ) := (πn+1)∗ coker
(
∇|Cg,n\P•

)
.
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Here P• denotes the union of the images of the n sectionsMg,n → Cg,n given by the marked points.

From [32, Cor. 19.4.14], LC\P•(V ) is a sheaf of Lie algebras on Mg,n. Pulling back to ÈMg,n, after

a choice of coordinates, gives a sheaf that we still call LC\P•(V ) on ÈMg,n.

Next, we consider the sheaf of Lie algebras

(24) L(V )n := L(V )⊕n “⊗OËMg,n

on ÈMg,n. By restricting sections, one can define a homomorphism of sheaves of Lie algebras:

ϕ : LC\P•(V )→ L(V )n.

5.2. The sheaf ÁVg(V ;M•) on ÈMg,n. Let C → S be a family of stable pointed curves over a

smooth base S with n sections Pi : S → C and formal coordinates ti. Assume that C \P•(S) is affine

(e.g., S = ”Mg,n). Let V be a conformal vertex algebra and let M• = (M1, . . . ,Mn) be conformal

V -modules. With notation as above, we set

Definition 1. The sheaf of coinvariants ÁV(V ;M•)(C→S,P•,t•) on S is the quasi-coherent sheafÁV(V ;M•)(C→S,P•,t•) := ⊗ni=1M
i ⊗OS

/
LC\P•(V ) ·

Ä
⊗ni=1M

i ⊗OS
ä
.

We can remove the condition that C \ P•(S) be affine as in the construction of coinvariants

obtained from representations of affine Lie algebras, see e.g., [27], [51]. First we need the following

property. Let C → S be a family of stable curves as above. Consider additional sections Qi : S → C,
with i = 1, . . . ,m, such that (Cs, P•(s) ∪ Q•(s)) is a stable pointed curve, for all s ∈ S, with

corresponding formal coordinates ri, and m copies (V, . . . , V ) of the V -module V .

Proposition 5.1 (Propagation of vacua). One has a canonical isomorphismÁV(V ;M•)(C→S,P•,t•) ' ÁV(V ;M• ∪ (V, . . . , V ))(C→S,P•∪Q•,t•∪r•).

These isomorphisms are compatible as (Q•, r•) varies.

When S is a point, the above statement has been proved in [32, §10.3.1], generalizing the similar

result from [62] for sheaves of coinvariants obtained from representations of affine Lie algebras. The

proof in [32, §10.3.1] extends over an arbitrary base S.

Consider a family of stable pointed curves C → S as above, but without assuming that C \P•(S)

be affine. After an étale base change, we can assume that the family of stable pointed curves C → S

has m additional sections Qi : S → C such that C \ {P•(S) ∪Q•(S)} is affine. Let t• and r• be the

formal coordinates at P•(S) and Q•(S). By Definition 1 we can defineÁV(V ;M• ∪ (V, . . . , V ))(C→S,P•∪Q•,t•∪r•)

and thanks to Proposition 5.1 this is independent of the chosen sections. We then defineÁV(V ;M•)(C→S,P•,t•)

as the sheaf associated to the presheaf which associates to each U ⊂ S the module

lim−→
(Q•,r•)

ÁV(V ;M• ∪ (V, . . . , V ))(C→U,P•∪Q•,t•∪r•),

where (Q•, r•) runs over all pairwise disjoint sections of CU \ P•(U)→ U such that CU \ {P•(U) ∪
Q•(U)} is affine over U .

As the construction of the sheaf of coinvariants commutes with base change, one obtains a sheaf

of coinvariants on ÈMg,n, denoted ÁVg(V ;M•).
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5.3. Two descents along torsors.

5.3.1. The first descent to define VJ(V ;M•) on J := J 1,×
g,n . The group (Aut+O)n acts by conjuga-

tion on L(V )⊕n. Together with the action of (Aut+O)n on ÈMg,n, this gives rise to an equivariant

action of (Aut+O)n on the sheaf L(V )n. We will need the following statement:

Lemma 5.2. The subsheaf ϕ
Ä
LC\P•(V )

ä
of L(V )n is preserved by the action of (Aut+O)n.

More precisely, let L ′
C\P•(V ) be the fiber of ϕ

Ä
LC\P•(V )

ä
at (C,P•, t•). One has

L ′
C\P•(V ) = ρ−1L ′

C\P•(V )ρ

for all ρ ∈ (Aut+O)n. This is a special case of (29).

Let C → S be a family of stable pointed curves over a smooth base S with n sections Pi : S → C
and non-zero 1-jets τi. Assume that C \ P•(S) is affine (e.g., S = J 1,×

g,n , the locus of smooth curves

in J 1,×
g,n ). Define the principal (Aut+O)n-bundle ÊS → S as the pull-back of Êπ : ÈMg,n → J

1,×
g,n via

the moduli map S → J 1,×
g,n .

Let V be a conformal vertex algebra and let M• = (M1, . . . ,Mn) be conformal V -modules. The

action of Der+O = Lie(Aut+O) on each M i can be exponentiated to an action of Aut+O on M i.

The action of L(V ) on each module M i via αMi : L(V ) → M i, compatible with the action of

Aut+O (see §1.7), induces an anti-homomorphism of Lie algebras

α⊗ni=1M
i : L(V )⊕n → End(⊗ni=1M

i)

(u1, . . . , un) 7→ ∑n
i=1 IdM1 ⊗ · · · ⊗ αM i(ui)⊗ · · · ⊗ IdMn

(25)

compatible with the action of (Aut+O)n. This extends OÊS -linearly to an (Aut+O)n-equivariant

action of L(V )n = L(V )n “⊗OÊS on ⊗ni=1M
i ⊗ OÊS . That is, L(V )n and (Aut+O)n act compati-

bly on ⊗ni=1M
i ⊗ OÊS . The sheaf L(V )n is (Aut+O)n-equivariant. By Lemma 5.2, the image of

LC\P•(V ) in L(V )n is preserved by the action of (Aut+O)n. It follows that the quasi-coherent

sheaf ÁVg(V ;M•)|ÊS is an (Aut+O)n-equivariant OÊS -module, hence descends along the principal

(Aut+O)n-bundle Êπ : ÊS → S. Namely:

Definition 2. The sheaf of coinvariants VJ(V ;M•)(C→S,P•,τ•) on S is the quasi-coherent sheaf

VJ(V ;M•)(C→S,P•,τ•) :=
ÄÊπ∗ ÁVg(V ;M•)|ÊSä(Aut+O)n

whose sections are the (Aut+O)n-invariant sections of ÁVg(V ;M•)|ÊS . Similarly to §5.2, one can

remove the hypothesis that C \ P•(S) is affine, and the construction can be extended to obtain a

sheaf on J 1,×
g,n , denoted VJg (V ;M•).

The fiber of VJg (V ;M•) over a point (C,P•, τ•) in J 1,×
g,n is canonically isomorphic to the space

of coinvariants (21). The sheaf VJ(V ;M•) comes with a twisted logarithmic D-module structure,

detailed in §6. This construction is the result of the localization functor transforming modules for

the Harish-Chandra pair (L(V )n, (Aut+O)n) into twisted logarithmic D-modules.

5.3.2. The second descent to define Vg(V ;M•) on Mg,n. The action of (C×)n on ⊗iM i obtained

from its Zn-gradation as in (15) induces an action of (C×)n on VJg (V ;M•). Indeed, since C× is

realized as the quotient AutO/Aut+O, it is enough to check that the action of the Lie algebra

LC\P (V ) on ⊗iM i is in independent of the choice of coordinates at the fixed points. This follows

from (29).
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Let C → S be a family of stable pointed curves over a smooth base S with n sections Pi : S → C,
and assume that C \ P•(S) is affine (e.g., S = Mg,n). Define the principal (C×)n-bundle SJ → S

as the pull-back of j : J ×g,n →Mg,n via the moduli map S →Mg,n.

Definition 3. The sheaf of coinvariants V(V ;M•)(C→S,P•) on S is the quasi-coherent sheaf

V(V ;M•)(C→S,P•) :=
Ä
j∗VJg (V ;M•)|SJ

ä(C×)n

whose sections are the (C×)n-invariant sections of VJg (V ;M•)|SJ . This can be extended as in §5.2

to obtain a sheaf on Mg,n, denoted Vg(V ;M•).

The fiber of Vg(V ;M•) over a point (C,P•) in Mg,n is canonically isomorphic to the space of

coinvariants (22).

5.3.3. Prior work on extensions to stable curves. Sheaves of coinvariants were originally constructed

from integrable modules at a fixed level ` over affine Lie algebras ĝ associated to semi-simple Lie

algebras g on ”M0,n = ÈM0,n \M0,n in [61]. These were generalized in [62] to ÈMg,n, and shown to

be locally free of finite rank, with a number of other good properties including a projectively flat

connection. In [60] they were shown to be coordinate free, defined on Mg,n, and as is done here,

an action of an Atiyah algebra on the bundles was explicitly computed.

Prior to our work, and aside from aspects of [16] and [32], considered here for stable curves with

singularities, there has been some interest in sheaves of conformal blocks using vertex algebras. In

[63] sheaves defined by representations at level ` over the Heisenberg vertex algebra were shown

to be isomorphic to the space of theta functions of order ` on the curve, identified under pullback

along the Abel-Jacobi map, and shown to be of finite rank. Sheaves defined using regular vertex

algebras defined on ÈM0,n (regular vertex algebras are conformal and satisfy additional properties

including, but not limited to, C2-cofiniteness, which guarantees that they have finitely many simple

modules), were shown to be of finite rank, and carry a projectively flat connection, as well as

satisfy other good properties in parallel to the classical case [56]. The authors [56] remark that

their definition of conformal blocks agrees with that described in [16, §§0.9, 0.10, 4.7.2], although

their construction appears very different than what we consider here. Conformal blocks defined

over smooth pointed curves with coordinates using modules over C2-cofinite vertex algebras were

shown to be finite-dimensional in [56]. Recently sheaves of coinvariants defined by holomorphic

vertex algebras (admitting only one V -module: V itself) on Mg,1 have been applied to the study

of the Schottky problem and the slope of the effective cone of moduli of curves in [23].

Connections between conformal blocks defined by lattice vertex algebras and theta functions are

discussed in [32, §5].

6. The twisted logarithmic D-module structure on VJ(V ;M•)

In this section we specify the twisted logarithmic D-module structure of the quasi-coherent

sheaf of coinvariants VJg (V ;M•) (Def. 2). In particular VJg (V ;M•) supports a projectively flat

logarithmic connection. To do this, we determine the (logarithmic) Atiyah algebra acting on sheaves

of coinvariants.

Let Λ := det Rπ∗ ωCg,n/Mg,n
be the determinant of cohomology of the Hodge bundle (see §6.2),

∆ the divisor in Mg,n of singular curves, and AΛ the corresponding logarithmic Atiyah algebra.

One has:

Theorem 6.1. The logarithmic Atiyah algebra c
2AΛ acts on VJg (V ;M•).
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Here c is the central charge of the vertex algebra V . For c = 0, this gives a logarithmic D-module

structure on VJg (V ;M•) (§6.4). We review the definition of a logarithmic Atiyah algebra in §6.1.

For coinvariants of affine Lie algebras, the above statement is in [62]; see also [13, §7.10].

6.1. Logarithmic Atiyah algebras. Let S be a smooth scheme over C, and ∆ ⊂ S a normal

crossing divisor. Following [20] and [60], a logarithmic Atiyah algebra is a Lie algebroid A (see §2.1)

together with its fundamental extension sequence:

0→ OS
ιA−→ A pA−−→ TS(− log ∆)→ 0.

One defines sums via the Baer sum A + B := A ×TS(− log ∆) B/{(ιA(f),−ιB(f)), for f ∈ OS},
with fundamental sequence given by ιA+B = (ιA, 0) = (0, ιB), and pA+B = pA = pB, and scalar

multiplications αA = (OS ⊕A)/(α, 1)OS , with iαA = (id, 0) and pαA = (0, pA), for α ∈ C. When

m ∈ Z>0, one has mA = A + · · · + A (with m summands). When ∆ = ∅, the above recovers the

classical case of Atiyah algebras. Logarithmic Atiyah algebras are restrictions of Atiyah algebras

over the subsheaf TS(− log ∆) ↪→ TS .

We will focus on logarithmic Atiyah algebras arising from line bundles: for a line bundle L over

a smooth scheme S equipped with a normal crossing divisor ∆, we denote by AL the logarithmic

Atiyah algebra of first order differential operators acting on L which preserve ∆. Choosing a

local trivialization L ' OS on an open subset U of S, the elements of AL(U) are D + f , where

D ∈ TS(− log ∆)(U) and f ∈ OS(U). For α ∈ C, while the line bundle Lα may not be well-defined,

the logarithmic Atiyah algebra ALα is defined as ALα := αAL.

The action of a logarithmic Atiyah algebra A on a quasi-coherent sheaf V over S is an action of

sections µ ∈ A as first order differential operators Φ(µ) on V such that: (i) the principal symbol

of Φ(µ) is pA(µ) ⊗ idV; (ii) Φ(ιA(1)) = 1. In particular, for α ∈ C and a line bundle L on S, an

action of ALα is an action of AL with the difference that ιAL(1) acts as multiplication by α.

A flat connection with logarithmic singularities on a quasi-coherent sheaf V over S is defined

as a map of sheaves of Lie algebras TS(− log ∆) → End(V). Following [18] we call projectively

flat connection with logarithmic singularities a map TS(− log ∆)→ End(V)/(OS IdV). This means

that the action of TS(− log ∆) on V is well defined only up to constant multiplication. From the

fundamental sequence defining an Atiyah algebra A, it follows that the action of A on a quasi-

coherent sheaf V induces a projectively flat connection with logarithmic singularities on V.

6.2. The Hodge line bundle. For n > 0, let nVir be the quotient of the direct sum Vir⊕n of

n copies of the Virasoro algebra modulo the identification of the n central elements in Vir⊕n of

type (0, . . . , 0,K, 0, . . . , 0). We denote by K the equivalence class of these elements. Then nVir is

a central extension

0→ gl1 ·K → nVir→ (DerK)n → 0

with Lie bracket given by

[(Lpi)1≤i≤n, (Lqi)1≤i≤n] = ((pi − qi)Lpi+qi)1≤i≤n +
K

12

n∑
i=1

(p3
i − pi)δpi+qi,0.

Let C → S be a family of stable pointed curves of genus g over a smooth base S with n sections

Pi : S → C and formal coordinates ti. These data give a moduli map S → ÈMg,n. Assume that

C \ P•(S) is affine. There is a Lie algebra embedding Ker a ↪→ nVir“⊗OS [32, §19.6.5], where a is

the anchor map from (4). The quotient

nVir(C)“⊗COS
/

Ker a
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is anti-isomorphic to an extension

0→ OS → A→ TS(− log ∆)→ 0

and carries the structure of a logarithmic Lie algebroid (see §2.1). The following statement is an

immediate consequence of the Virasoro uniformization for the line bundle Λ [20], [46], [62].

Proposition 6.2. The logarithmic Atiyah algebra A is isomorphic to 1
2AΛ.

Proof. The Lie algebra nVir acts on the line bundle Λ with central charge 2 (the case n = 1 is in

[46]). This action extends to an anti-homomorphism of logarithmic Lie algebroids

nVir(C)“⊗COS → AΛ

such that 1 ∈ OS ↪→ nVir“⊗OS is mapped to 1
2 ∈ OS ↪→ AΛ. The subsheaf Ker a ↪→ nVir(C)“⊗COS

— whose fiber at (C,P•, t•) consists of the Lie algebra TC(C \P•) of regular vector fields on C \P•
— acts trivially on Λ (e.g., [13, (7.10.11)] shows that Ker a acts trivially on Λ−1). This gives a map

of Atiyah algebras ϕ : A → 1
2AΛ. Since Atiyah algebras are in Ext1 (TS(− log ∆),OS), the Five

Lemma implies that ϕ is an isomorphism. �

6.3. The action on the sheaf of coinvariants. Before the proof of Theorem 6.1, we discuss

some auxiliary results.

The Lie algebra L(V )n contains Virn as a Lie subalgebra. The adjoint representation of Virn

on L(V )n given by v 7→ [·, v], for v ∈ Virn, factors through an action of nVir on L(V )n. The Lie

algebroid nVir(C)“⊗COËMg,n
acts on L(V )n as

(v ⊗ f) ∗ (u⊗ h) := [u, v]⊗ fh+ u⊗ (a(v ⊗ f) · h) ,(26)

for v ∈ nVir, u ∈ L(V )n, and local sections f, h of OËMg,n
. (The action is given by an anti-

homomorphism of sheaves of Lie algebras from nVir“⊗OËMg,n
to the sheaf of endomorphisms

of L(V )n. Indeed, the map v 7→ [·, v], for v ∈ nVir, and the anchor map a are both anti-

homomorphisms. Here, the anchor map a applies to the image of v ⊗ f in (DerK(C))n “⊗COËMg,n
.

Lemma 6.3. The image of LC\P•(V ) in L(V )n is preserved by the action of nVir(C)“⊗COËMg,n

from (26).

Proof. The case n = 1 and zero central charge c = 0 is [32, Thm 17.3.11]. The general case is

similar; we sketch here a proof.

Let Ÿ�(AutK)n be the group ind-scheme satisfying Lie Ÿ�(AutK)n = nVir. The action of (AutK)n

on ÈMg,n induces an action of Ÿ�(AutK)n on ÈMg,n. Moreover, by exponentiating the action of nVir,

one also has an action of Ÿ�(AutK)n on V n. (The exponential of the action of nVir on V n is well

defined: this follows from the fact that the action of Lp with p > 0 on V has negative degree

−p, and can be integrated since V has gradation bounded from below; the action of L0 on V has

integral eigenvalues, and thus integrates to a multiplication by a unit; finally, the action of Lp with

p < 0 integrates to an action of a nilpotent element.) This gives rise to an action of Ÿ�(AutK)n on

L(V )n by conjugation. Thus, Ÿ�(AutK)n acts on L(V )n via

(u⊗ h) · ρ := (ρ−1uρ)⊗ (h · ρ),(27)

for u⊗ h in L(V )n and ρ in Ÿ�(AutK)n.
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The differential of this action is an action of nVir on L(V )n given by

v ∗ (u⊗ h) := [u, v]⊗ h+ u⊗ (α(v) · h) ,(28)

for u ⊗ h in L(V )n and v ∈ nVir. The action of nVir(C)“⊗COËMg,n
on L(V )n from (26) is the

OËMg,n
-linear extension of the action (28) of nVir on L(V )n. (Recall from Theorem 2.1 that the

anchor map a is the OËMg,n
-linear extension of the map α.) Hence, to prove the statement, it is

enough to show that the action (27) of Ÿ�(AutK)n on L(V )n preserves the image of LC\P•(V ) in

L(V )n.

Using the action of Ÿ�(AutK)n on ÈMg,n, denote by (Cρ, P ρ• , t
ρ
•) the image of a coordinatized n-

pointed curve (C,P•, t•) via the action of ρ in Ÿ�(AutK)n. Let L ′
C\P (V ) and L ′

Cρ\P ρ•
(V ) be the fibers

of the subsheaf

Im
Ä
LC\P•(V )→ L(V )n

ä
⊂ L(V )n

on (C,P•, t•) and (Cρ, P ρ• , t
ρ
•), respectively. It is enough to show that

L ′
Cρ\P ρ• (V ) = ρ−1L ′

C\P (V )ρ(29)

for ρ ∈ ‘AutK. As in [32, §17.3.12], this follows from a generalization of a result of Y.-Z. Huang

[42, Prop. 7.4.1], [32, §17.3.13]. �

Let

α⊗ni=1M
i : L(V )⊕n → End(⊗ni=1M

i)

be the anti-homomorphism of Lie algebras induced by the action of L(V ) on each module M i as in

(25). This map restricts to an action of Virn, and since the central elements (0, . . . , 0,K, 0, . . . , 0)

all act as multiplication by the central charge c, this action factors through an action of nVir on

⊗ni=1M
i. The Lie algebroid nVir(C)“⊗COËMg,n

acts on ⊗ni=1M
i ⊗C OËMg,n

as

(v ⊗ f) � (w ⊗ h) :=
Ä
α⊗ni=1M

i(v) · w
ä
⊗ fh+ w ⊗ (a(v ⊗ f) · h)(30)

for v ∈ nVir, w ∈ ⊗ni=1M
i, and local sections f, h of OËMg,n

. Recall that the action of L(V )n on

⊗ni=1M
i extends OËMg,n

-linearly to an action of L(V )n on ⊗ni=1M
i ⊗C OËMg,n

, and this induces an

action of LC\P•(V ) on ⊗ni=1M
i ⊗C OËMg,n

.

Lemma 6.4. The subsheaf

(31) LC\P•(V ) ·
(
⊗ni=1M

i ⊗C OËMg,n

)
of ⊗ni=1M

i ⊗C OËMg,n
is preserved by the action of nVir(C)“⊗COËMg,n

from (30).

Proof. We need to show that

(32) (v ⊗ f) � [(u⊗ h) · (w ⊗ t)]

is in (31), for all local sections v ⊗ f ∈ nVir(C)“⊗COËMg,n
, u ⊗ h ∈ LC\P•(V ), and w ⊗ t ∈

⊗ni=1M
i ⊗C OËMg,n

. In (32) the first action is as in (30), and the second one is

(u⊗ h) · (w ⊗ t) :=
Ä
α⊗ni=1M

i(u) · w
ä
⊗ ht.

Expanding, one verifies that (32) is equal to

[(v ⊗ f) ∗ (u⊗ h)] · (w ⊗ t) + (u⊗ h) ·
Ä
(α⊗ni=1M

i(v) · w)⊗ ft
ä
.
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To show that this is in (31), it is enough to show that (v⊗ f) ∗ (u⊗ h) is in the image of LC\P•(V )

in L(V )n, where the action is as in (26). This follows from Lemma 6.3. �

Proof of Theorem 6.1. Let C → S be a family of stable pointed curves of genus g over a smooth

base S with n sections Pi and formal coordinates ti. These data give a moduli map S → ÈMg,n.

From the construction of the sheaf of coinvariants, we can reduce to the case when C \ P•(S) is

affine (e.g., S = ”Mg,n = ÈMg,n \∆).

The Lie algebroid nVir(C)“⊗COS acts on ⊗ni=1M
i⊗COS as in (30). By Lemma 6.4, the subsheaf

LC\P•(V ) ·
Ä
⊗ni=1M

i ⊗C OS
ä

is preserved by this action. Since the map α⊗ni=1M
i and the anchor map a are compatible with the

action of (Aut+O)n (as in §1.7 and §2.2.2), the action of nVir(C)“⊗COS on ⊗ni=1M
i ⊗C OS from

(30) is (Aut+O)n-equivariant.

By Lemma 4.3, the action of LC\P•(V ) extends an action of Ker a ⊂ nVir(C)“⊗COS . It follows

that (30) induces an (Aut+O)n-equivariant action of the Lie algebroid

nVir(C)“⊗COS
/

Ker a,

hence an action of A on the sheaf ÁV(M•)(C→S,P•,t•). Equivalently, for some a ∈ C, there exists

an (Aut+O)n-equivariant action of the logarithmic Atiyah algebra aA on ÁV(M•)(C→S,P•,t•), which

descends to an action of aA on the sheaf VJ(M•)(C→S,P•,τ•).

To determine a, note that the central element K ∈ nVir is the image of (K, 0, . . . , 0) ∈ Virn ↪→
L(V )n, which acts via (25) as c · id, by definition of the central charge c. It follows that K acts

as c · id, hence a = c. That is, the logarithmic Atiyah algebra cA acts on VJ(M•)(C→S,P•,τ•). The

statement follows from Proposition 6.2. �

6.4. The case c = 0. In the case of zero central charge c = 0, the action in (30) induces an

(Aut+O)n-equivariant action of

(DerK(C))n “⊗COS
/

Ker a ' TS(− log ∆)

on ÁV(M•)(C→S,P•,t•). This gives a logarithmic D-module structure on VJ(M•) when c = 0.

7. The twisted logarithmic D-module structure on V(V ;M•)

In Theorem 7.1 we specify the twisted logarithmic D-module structure on the quasi-coherent

sheaf of coinvariants onMg,n in case the modules M i are simple. In particular Vg(V ;M•) carries a

projectively flat logarithmic connection. The twisted D-module structure on the sheaf of coinvari-

ants on the moduli space of smooth pointed curves was first introduced in [32, §17.3.20]. Here we

extend the description over families of stable pointed curves, and identify the twisted logarithmic

D-module by determining the precise logarithmic Atiyah algebra acting on sheaves of coinvari-

ants. For sheaves of coinvariants of integrable representations of an affine Kac-Moody algebra, this

statement was proved by Tsuchimoto [60].

To state the result: let Λ := det Rπ∗ ωCg,n/Mg,n
be the determinant of cohomology of the Hodge

bundle on Mg,n, and Ψi = P ∗i (ωCg/Mg,n
) the cotangent line bundle on Mg,n corresponding to the

i-th marked point. Let AΛ, AΨi be the corresponding logarithmic Atiyah algebras with respect to

the divisor ∆ in Mg,n of singular curves (see §6.1). We show:
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Theorem 7.1. When each V -module M i is simple of conformal dimension ai, the logarithmic

Atiyah algebra

c

2
AΛ +

n∑
i=1

aiAΨi(33)

acts on the sheaf of coinvariants Vg(V ;M•). In particular, Vg(V ;M•) carries a projectively flat

logarithmic connection.

Here V is a conformal vertex algebra with central charge c (see §1.2). Recall that a simple

V -module M has conformal dimension a if L0v = (a+ deg v)v, for homogeneous v ∈M .

Proof. From Theorem 6.1 we know that c
2AΛ acts on VJ(M•). This means that for any family

of stable pointed curves C → S over a smooth base S with n sections Pi : S → C and n non-zero

1-jets τi,
c
2AΛ acts on VJ(M•)(C→S,P•,τ•). It is enough to check that an action of c

2AΛ +
∑n
i=1 aiAΨi

is naturally induced on V(M•)(C→S,P•). Assume for simplicity that n = 1.

Observe that by definition J ×g,1 is contained in Ψ. Following [12, Theorem 5] we know that −AΨ

is identified, as a vector bundle, with the sheaf of tangent vectors of J ×g,1 which are invariant under

the action of C×. It follows that V(M)(C→S,P ) is equipped with an action of the Lie algebroid
c
2AΛ−AΨ. In order to conclude, it is enough to prove that the image of 1 under the canonical map

OS → −AΨ acts on V(M)(C→S,P ) as multiplication by −a.

The computation of a is local on S. Fix a point on the divisor Z := Ψ \ J ×g,1 and near this

point we can locally assume that J ×g,1 is Spec(R[w,w−1]), where w is the coordinate defining the

divisor Z in Ψ. Since C× acts on w by multiplication, it follows that the vector fields which are

(C×)-equivariant are given by TR ⊕ wR∂w. Locally the exact sequence defining AΨ is then given

by

0→ R→ TR ⊕ wR∂w → TR → 0

where 1 goes to w∂w = −L0. Following the description of MC in §3.2.3, we similarly identify

the elements of V(M)(C→S,P ) as being represented by linear combinations of elements of the form

v ⊗ wdeg v, where v is a homogeneous element of M . Observe that since the action of −Aψ is

compatible with the action of LC\P (V ) on M⊗OS , we can carry the computation on (C×)-invariant

sections of M ⊗OS . The action of w∂w on V(M)(C→S,P ) is described in (30). The computation

w∂w(v ⊗ wdeg v) = −L0(v)⊗ wdeg v + v ⊗ w∂wwdeg v

= −(a+ deg v)v ⊗ wdeg v + v ⊗ (deg v)wdeg v

= −a(v ⊗ wdeg v)

concludes the argument. �

7.1. Remark. While in this work we study the projectively flat connection ∇ for bundles on

Mg,n defined using conformal vertex algebras along the lines of [62, 60, 18, 13], there are other

approaches and further questions studied in the classical case, where conformal blocks are known to

be isomorphic to generalized theta functions (see e.g., [40, 29, 31, 48]). For instance, the geometric

unitary conjecture [36, 28, 37] was an explicit proposal of a unitary metric on the Verlinde bundles

that would be (projectively) preserved by the connection ∇ on Mg,n. The geometric unitary

conjecture for sl2 was proved by Ramadas [58], and for arbitrary Lie algebras in genus zero by

Belkale [21]. It would be interesting to know if this picture could be extended to bundles defined

by modules over conformal vertex algebras.
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8. Chern classes of vector bundles Vg(V ;M•) on Mg,n

An expression for Chern classes of vector bundles on Mg,n of coinvariants of affine Lie algebras

was given in [52]. One of the key ingredients used in [52] is the explicit description of the projec-

tively flat logarithmic connection from [60]. In a similar fashion, the projectively flat logarithmic

connection from Theorem 1 allows to compute Chern classes of vector bundles of coinvariants of

vertex algebras on Mg,n to arrive at Corollary 2, which we restate in more detail below.

Let V be a conformal vertex algebra of central charge c, and M1, . . . ,Mn be simple conformal

V -modules. Let ai be the conformal dimension of M i, for each i, that is, L0(v) = (ai + deg v) v,

for homogeneous v ∈ M i. In this section, we assume that the sheaf of coinvariants Vg(V ;M•) is

the sheaf of sections of a vector bundle of finite rank on Mg,n. This assumption is known to be

true in special cases, as described in §8.1.

We also assume that the central charge c and the conformal dimensions ai are rational; this is

satisfied for a rational vertex algebra V such that dimV/〈A(−2)B : A,B ∈ V 〉 <∞, after [26].

Let λ := c1(Λ), and ψi := c1(Ψi). From Theorem 7.1 with S = Mg,n, the action of the Atiyah

algebra (33) gives a projectively flat connection on the sheaf of coinvariants Vg(V ;M•) on Mg,n.

This determines the Chern character of the restriction of Vg(V ;M•) on Mg,n.

Corollary 8.1. When Vg(V ;M•) has finite rank on Mg,n and c, ai ∈ Q, one has

ch (Vg(V ;M•)) = rankVg(V ;M•) · exp

(
c

2
λ+

n∑
i=1

aiψi

)
∈ H∗(Mg,n,Q).

Equivalently, the total Chern class is

c (Vg(V ;M•)) =

(
1 +

c

2
λ+

n∑
i=1

aiψi

)rankVg(V ;M•)

∈ H∗(Mg,n,Q).

Proof. The statement follows from the general fact that a AL⊗a-module E of finite rank, with L

a line bundle and a ∈ Q, satisfies c1(E) = (rankE) · a c1(L) (e.g., [52, Lemma 5]); moreover, the

projectively flat connection implies that ch(E) = (rankE) · exp(c1(E)/rankE) (e.g., [45, (2.3.3)]).

�

8.1. Remark. It is natural to expect finite-dimensionality of spaces of coinvariants constructed

from vertex algebras with finitely many simple modules, in cases such as rationality, where there

is an expectation of the factorization property [32] (all modules over a rational vertex algebra are

semi-simple). This has been checked in special cases: For integrable highest weight representations

at level ` of affine Lie algebras [62]; representations at level ` of the Heisenberg vertex algebra

[63]; highest weight representations of the so-called minimal series for the Virasoro algebra [17].

Vector spaces of coinvariants associated to simple modules over C2-cofinite vertex algebras V have

also been shown to be finite-dimensional [5, 56], and C2-cofiniteness is conjecturally equivalent to

rationality [4]. This condition is slightly more technical to state, but is natural [9], and many

well studied rational vertex algebras are C2-cofinite — for instance, vertex algebras associated to

positive-definite even lattices [64, 1, 44], and a number of vertex algebras formed using the orbifold

construction [2, 3, 55, 6, 7].
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