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M., is the moduli space of stable n-pointed curves of genus 0.
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M., is the moduli space of stable n-pointed curves of genus 0.
like to describe all morphisms

In order to understand the birational geometry of ﬂo,,,, we would
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M., is the moduli space of stable n-pointed curves of genus 0.
like to describe all morphisms

In order to understand the birational geometry of ﬂo,,,, we would

f . Moyn — X,
where X is any projective variety.
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Mo, is the moduli space of stable n-pointed curves of genus 0.
In order to understand the birational geometry of Mg ,, we would
like to describe all morphisms

f-:ﬂ()’nHX,

where X is any projective variety.

Ideally we would like to know a modular interpretation for X, if
there is one.
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Mo, is the moduli space of stable n-pointed curves of genus 0.
In order to understand the birational geometry of Mg ,, we would
like to describe all morphisms

f-:m()’nHX,

where X is any projective variety.

Ideally we would like to know a modular interpretation for X, if
there is one.

Of course such morphisms are defined by base point free divisors.
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divisors on Mo,n-

The theory of conformal blocks has given us many base point free
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The theory of conformal blocks has given us many base point free
divisors on Mg .

Thanks to recent work of Fakhruddin, we have access to their
classes and to formulas for intersecting them with curves on Mg .
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The theory of conformal blocks has given us many base point free
divisors on Mg .

Thanks to recent work of Fakhruddin, we have access to their
classes and to formulas for intersecting them with curves on Mg .

We can therefore learn about the maps they define by studying
their position in the cone of effective divisors on Mg .
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The theory of conformal blocks has given us many base point free
divisors on Mg .

Thanks to recent work of Fakhruddin, we have access to their
classes and to formulas for intersecting them with curves on Mg .

We can therefore learn about the maps they define by studying
their position in the cone of effective divisors on Mg .

Moreover, these divisors are defined geometrically, and so one
should be able to understand the varieties X onto which they map.
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I will introduce Conformal Blocks divisors on Mg .
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I will introduce Conformal Blocks divisors on Mg .

| will focus on a very simple family of divisors on Mg .
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

| will introduce Conformal Blocks divisors on Mg p.
| will focus on a very simple family of divisors on Mg .

For example, each member of the family is S,-invariant, and we
may regard it as a divisor on the moduli space
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

| will introduce Conformal Blocks divisors on Mg p.
| will focus on a very simple family of divisors on Mg .

For example, each member of the family is S,-invariant, and we
may regard it as a divisor on the moduli space

Mo,n = ﬂo,n/sm
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| will show:

1. there is a very simple formula for the intersection of members
of the family with curves on Mg p;
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| will show:

1. there is a very simple formula for the intersection of members
of the family with curves on Mg p;

2. the family forms a basis for Pic(./(/lvo,n);
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

| will show:

1. there is a very simple formula for the intersection of members
of the family with curves on Mg ,;

2. the family forms a basis for Pic(Mo.,);

3. four of the divisors span extremal rays of the nef cone;
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

| will show:

1. there is a very simple formula for the intersection of members
of the family with curves on Mg ,;

2. the family forms a basis for Pic(Mo.,);
3. four of the divisors span extremal rays of the nef cone;

4. one can describe morphisms defined by the divisors,
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

| will show:

1. there is a very simple formula for the intersection of members
of the family with curves on Mg ,;

the family forms a basis for Pic(Mo p);
four of the divisors span extremal rays of the nef cone;

one can describe morphisms defined by the divisors,

AR

we have simple formulas for their classes in Pic(Mo ,);
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

| will show:

1. there is a very simple formula for the intersection of members
of the family with curves on Mg ,;

2. the family forms a basis for Pic(Mo.,);

3. four of the divisors span extremal rays of the nef cone;
4. one can describe morphisms defined by the divisors,
5

. we have simple formulas for their classes in Pic(Mo ,);

Finally, I will explain how this family illustrates a general method
for using Conformal Blocks divisors on Mg , to find nef divisors in
Mg for positive genus g.
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The overarching goal of the project is to carry out an excavation of
the cones of Nef and Effective divisors on M, , using the
conformal blocks divisors.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The overarching goal of the project is to carry out an excavation of
the cones of Nef and Effective divisors on M , using the
conformal blocks divisors.

For an example of what kind of excavation we are looking for, we'll

consider what is known about Nef(M,) C Wl(/\/lg).
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The overarching goal of the project is to carry out an excavation of
the cones of Nef and Effective divisors on M , using the
conformal blocks divisors.

For an example of what kind of excavation we are looking for, we'll

consider what is known about Nef(M,) C Wl(/\/lg).

Because the dimensions work out nicely, | can often show pictures
of the cones for M3.
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The overarching goal of the project is to carry out an excavation of
the cones of Nef and Effective divisors on M , using the
conformal blocks divisors.

For an example of what kind of excavation we are looking for, we'll

consider what is known about Nef(M,) C Wl(/\/lg).

Because the dimensions work out nicely, | can often show pictures
of the cones for M3.

Let us start with a little bit of notation.
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A is the first Chern class of the Hodge bundle.

do is the class of the boundary component Ag.
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A is the first Chern class of the Hodge bundle.

do is the class of the boundary component Ag.
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A is the first Chern class of the Hodge bundle.

do is the class of the boundary component Ag.

d; is the class of the boundary component A;,

94
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A is the first Chern class of the Hodge bundle.

do is the class of the boundary component Ag.

0; is the class of the boundary component A;, for 1 </ < L%J
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A is the first Chern class of the Hodge bundle.

do is the class of the boundary component Ag.
0; is the class of the boundary component A;, for 1 </ < L%J

— ™

—
A, =

ISE:

{ g
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A is the first Chern class of the Hodge bundle.

do is the class of the boundary component Ag.

0; is the class of the boundary component A;, for 1 </ < L%J

— ™

—
A, =

ISE:

§ g.\'
These classes span Pic(M).
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unknown in general.

Generators for the cone of effective divisors NE' (Myg) are

«O0)>» «Fr < > < » Q>



R v = Ve
Generators for the cone of effective divisors NE" (M) are
unknown in general.

However, we do know that ﬁl(ﬂ@ is spanned by the classes dg
and 971 and the hyperelliptic locus H3.
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Let H, be the class of the hyperelliptic locus H, on M,.
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Let H, be the class of the hyperelliptic locus H, on M,.

Hg is isomorphic to Mvo,zg+2 under the map
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Let Hg be the class of the hyperelliptic locus Hg on ﬂg.

Hg is isomorphic to Mvo,zg+2 under the map

h: Moogi2 — Hgy C ﬂg,

given by taking a double cover branched at the marked points
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Let Hg be the class of the hyperelliptic locus Hg on ﬂg.

Hg is isomorphic to Mvo,zg+2 under the map

h: Moogi2 — Hgy C ﬂg,

given by taking a double cover branched at the marked points

For g = 2, the map is an isomorphism.

«O0r «4Fr «=E» «E)» 12N G4



Let Hg be the class of the hyperelliptic locus Hg on ﬂg.

Hg is isomorphic to Mvo,zg” under the map

h: Mozgi2 — Hg © Mg,
given by taking a double cover branched at the marked points.

For g = 2, the map is an isomorphism. For g = 3, the image has
codimension 1, and so is a divisor.
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Conformal Blocks Divisors

A simple family

the Hyperelliptic class on M3

Let H, be the class of the hyperelliptic locus Hg on M,.
Hg is isomorphic to Mo72g+2 under the map
h: Mozgsz — Hg C Mg,
given by taking a double cover branched at the marked points.
For g = 2, the map is an isomorphism. For g = 3, the image has

codimension 1, and so is a divisor. For g > 4 the image has higher
codimension and isn't a divisor.
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decomposition.

We'll look at a cross section, for which there is a partial chamber
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| will name the morphisms and (maps) as well as the images
corresponding to some of these chambers.
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The first two chambers have to do with different compactifications
of the moduli space A of principally polarized abelian varieties.
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The first two chambers have to do with different compactifications
of the moduli space A of principally polarized abelian varieties.
The classical Torelli map

Mg -5 Ag,
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The first two chambers have to do with different compactifications
of the moduli space A, of principally polarized abelian varieties.

The classical Torelli map
Mg - A,

which takes a smooth curve X of genus g to its Jacobian,
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The first two chambers have to do with different compactifications
of the moduli space A, of principally polarized abelian varieties.

The classical Torelli map
Mg - A,

which takes a smooth curve X of genus g to its Jacobian, doesn’t
extend to a morphism on M,.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The first two chambers have to do with different compactifications
of the moduli space A, of principally polarized abelian varieties.

The classical Torelli map
Mg - A,

which takes a smooth curve X of genus g to its Jacobian, doesn’t
extend to a morphism on M.

But there are extensions to various compactifications of Aj.
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Let Zgat be the Satake compactification of the moduli space A,.
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—S. i . .
Let Agat be the Satake compactification of the moduli space A,
The classical Torelli map extends to a regular map

Sat . g zSat
T Mg — A
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—S. i . .
Let Agat be the Satake compactification of the moduli space A,.
The classical Torelli map extends to a regular map

£5%: My — A
This morphism is given by the divisor A.
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—S. i . .
Let Agat be the Satake compactification of the moduli space A,
The classical Torelli map extends to a regular map

Sat . g zSat
T Mg — A

This morphism is given by the divisor A. In other words,
A = (t3%)*(A), where A is an ample divisor .Tlgat.
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—S. i . .
Let Agat be the Satake compactification of the moduli space A,
The classical Torelli map extends to a regular map

Sat . g zSat
T Mg — A

This morphism is given by the divisor A. In other words,
A = (t3%)*(A), where A is an ample divisor .leat.
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X Vo

g

" . toroidal compactification of Ayg for the 2nd Voronoi fan,
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g

" . toroidal compactification of Ayg for the 2nd Voronoi fan,
ﬁg : mod. space of principally polarized semi-abelic stable pairs.
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—Vor
A

g

toroidal compactification of A, for the 2nd Voronoi fan

APg : mod. space of principally polarized semi-abelic stable pairs
The classical Torelli map also extends to the regular map

T, M, 5 AP P,
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Second Voronoi chamber of Wl(ﬂg)

ﬂ:or : toroidal compactification of A, for the 2nd Voronoi fan,
AP, : mod. space of principally polarized semi-abelic stable pairs.
The classical Torelli map also extends to the regular map
- Sat
o Mg 2 AP AP,
This morphism is given by a divisor which lies on the face of the
nef cone spanned by A and 12X — Jg.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Second Voronoi chamber of Wl(ﬂg)

ﬂ:or : toroidal compactification of A, for the 2nd Voronoi fan,

AP, : mod. space of principally polarized semi-abelic stable pairs.
The classical Torelli map also extends to the regular map
- Sat
T Mg o AP ®) AP,
This morphism is given by a divisor which lies on the face of the
nef cone spanned by A and 12\ — §y. For g = 3, the situation is
special
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Second Voronoi chamber of Wl(ﬂg)

ﬂ:or : toroidal compactification of A, for the 2nd Voronoi fan,

AP, : mod. space of principally polarized semi-abelic stable pairs.
The classical Torelli map also extends to the regular map

Sa

Ty Mg 0 AP AP,

This morphism is given by a divisor which lies on the face of the
nef cone spanned by A and 12\ — §y. For g = 3, the situation is

. —Vor . . . . —_
special A3or is isomorphic to the main component of AP3
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Second Voronoi chamber of Wl(ﬂg)
ﬂVor

g
AP, : mod. space of principally polarized semi-abelic stable pairs.

The classical Torelli map also extends to the regular map

: toroidal compactification of A, for the 2nd Voronoi fan,

Sa

Ty Mg 0 AP AP,

This morphism is given by a divisor which lies on the face of the
nef cone spanned by A and 12\ — §y. For g = 3, the situation is
special 71;/(” is isomorphic to the main component of AP3

Angela Gibney slp CB divisors on ﬂom



There is a morphism

given by the base point free extremal nef divisor 12\ — do.
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There is a morphism

given by the base point free extremal nef divisor 12\ — do.

As far as | know, there isn't a modular interpretation for X.
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There is a morphism

given by the base point free extremal nef divisor 12\ — do.

As far as | know, there isn't a modular interpretation for X.
The chamber corresponding to X for g = 3 is pictured below.
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There is a morphism

given by the base point free extremal nef divisor 12\ — do.

As far as | know, there isn't a modular interpretation for X.
The chamber corresponding to X for g = 3 is pictured below
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Let ﬂgs be the moduli stack of pseudo stable curves.

a

«O0» «Fr» « E» 3 Q>



Let ﬂgs be the moduli stack of pseudo stable curves. Replacing
elliptic tails with cusps gives the divisorial contraction

T . ﬂg —>ﬂZ—S.
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Let ﬂgs be the moduli stack of pseudo stable curves. Replacing
elliptic tails with cusps gives the divisorial contraction

T . ﬂg —> ﬂg—s.
T is given by a divisor that lies on the face of the nef cone
spanned by 12\ — §p and 10\ — § — 0.
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Let ﬂgs be the moduli stack of pseudo stable curves. Replacing
elliptic tails with cusps gives the divisorial contraction

T . ﬂg —> ﬂg—s.
T is given by a divisor that lies on the face of the nef cone
spanned by 12\ — §p and 10\ — § — 0.

Let us see the picture for g = 3.
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Let ﬂgs be the moduli stack of pseudo stable curves. Replacing
elliptic tails with cusps gives the divisorial contraction

T . ﬂg —> ﬂg—s.
T is given by a divisor that lies on the face of the nef cone
spanned by 12\ — §p and 10\ — § — 0.

Let us see the picture for g = 3.

12N G4



12N G4




Let ﬂ;s be the moduli space of c-stable curves.
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Let ﬂ;s be the moduli space of c-stable curves. Contracting
elliptic bridges to tacnodes defines the small modification
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Let ﬂ;s be the moduli space of c-stable curves. Contracting
elliptic bridges to tacnodes defines the small modification

g

P ﬂgs — ﬂ?, and composing with T defines a regular map
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Let ﬂ;s be the moduli space of c-stable curves. Contracting
elliptic bridges to tacnodes defines the small modification

K ﬂgs — ﬂ?, and composing with T defines a regular map

My L M2 2 M,
given by the extremal divisor 10\ — ¢ — ;.
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Let ﬂ;s be the moduli space of c-stable curves. Contracting
elliptic bridges to tacnodes defines the small modification

K ﬂgs — ﬂ?, and composing with T defines a regular map
My L M2 2 M,
given by the extremal divisor 10A — & — §1. Let us see the picture
for g =3.
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Hassett/Hyeon/Lee chambers of Nef(M,)

Let ﬂ;s be the moduli space of c-stable curves. Contracting
elliptic bridges to tacnodes defines the small modification
P ./\/lgS — MZ,S, and composing with T defines a regular map

My L M2 2 M,

given by the extremal divisor 10\ — § — d1. Let us see the picture
for g = 3.
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Let Mgs be the moduli space of h-semistable curves.
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——h . . .
Let Mgs be the moduli space of h-semistable curves. There is a

morphism T : ﬂgs — ﬂgf which is a flip of ¥:
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We'd like to carry out this program for Mg ,
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We'd like to carry out this program for ﬂoyn

In this talk I'd like to convince you that to do this, we should use

the divisors Dgi on Mg , that come from the theory of Conformal
Blocks. ’
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Each divisor ]D)iX depends on three ingredients:
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Each divisor ]D?X depends on three ingredients:
1. a simple lie algebra g,

i
v

«0)>» «F»r « «E» = Q>



Each divisor ]D?X depends on three ingredients:
1. a simple lie algebra g,

2. a positive integer ¢, and
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Each divisor ]D?X depends on three ingredients:
1. a simple lie algebra g,

2. a positive integer ¢, and

3. an n-tuple of dominant integral weights

A={A1,..., )
for g of level £.
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Conformal Blocks

The divisors ID)Q_ are first Chern classes of vector bundles of
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The divisors ID)Q_ are first Chern classes of vector bundles of
Conformal Blocks

]D)ZX =G (V(ga Ea X))
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The divisors D?X are first Chern classes of vector bundles of
Conformal Blocks:

Dg; = CI(V(ga l, X))

In his talk later today, David Swinarski is going to define these
Conformal Blocks vector bundles,

V(g, 4, \)

Angela Gibney slp CB divisors on ﬂo,,,



Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The divisors D?X are first Chern classes of vector bundles of
Conformal Blocks:

D2 = a(V(e, £, ).

In his talk later today, David Swinarski is going to define these
Conformal Blocks vector bundles,

V(g, ¢, )
(in detail).
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Laszlo and Sorger in 1995 proved that over a smooth point

(C:ﬁ) = (Ca pP1,--- 7pn) S Mg,na
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Laszlo and Sorger in 1995 proved that over a smooth point

(Caﬁ) = (Ca pi1,-

. 7Pn) € Mg,n,
one has that

V(g, 4. N)l(c.p) = HO(ME(C,p), £).
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Laszlo and Sorger in 1995 proved that over a smooth point

(C,ﬁ) = (C7p17 oo apn) € Mg n,

one has that

V(gv Zax)|(C,ﬁ) = HO(Mgpar(Caﬁ)7 ‘C)

ME?(C,p) is a moduli stack parametrizing quasi-parabolic
g-bundles on C determined by A = {A1,..., \p}.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Laszlo and Sorger in 1995 proved that over a smooth point

(C,ﬁ) = (C7p17 cee apn) S Mg,m
one has that

V(gv Zax)|(C,ﬁ) = HO(Mgpar(Caﬁ)7 ‘C)

ME?(C,p) is a moduli stack parametrizing quasi-parabolic
g-bundles on C determined by A = {\1,...,\,}. The line bundle
L is determined by /.

Angela Gibney slp CB divisors on ﬂom



The rank of the vector bundles is given by the Verlinde formula.
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The rank of the vector bundles is given by the Verlinde formula.
For sly, this is:
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The rank of the vector bundles is given by the Verlinde formula
For sly, this is:

1 sm( (l+ll?—i(:1;—1)7r)
((J+1)7T ))28+n—2
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For g = 0, the divisors ]D)gX are base point free.
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For g = 0, the divisors ]D)gX are base point free.

Fakhruddin found an (amazing) recursive formula for their classes.

«O0» «Fr» « E» 3 Q>

a



(Fakhruddin)

«Or «F>» «=)» (=) A



(Fakhruddin) Let g be a simple Lie algebra, £ > 0 an integer and
A={A,...,\n} € P}

«Or «F>» «=)» (=) A
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(Fakhruddin) Let g be a simple Lie algebra, £ > 0 an integer and
X={\,.... A} € P

Cl(V(g,f,X))
15
- (z+ " {A;n]{ {(n—l)(n—/—l)aez;\c()\a)
|A|=i
+i(i=1) D Q)= 1D elw) 15, e H A}
a'eAc HEPy
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Conformal Blocks Divisors

A simple family

(Fakhruddin) Let g be a simple Lie algebra, £ > 0 an integer and
X={\,.... A} € P

CI(V(gv & X))

13
- (z+ " {Z{ {(n—i)(n—i—l)Zc()\a)

AC[n] acA
|A|=i
+i(i=1) > Q) —{> c(p) 15, rXAC’N*}}(SA}.
a'eAc HEPy

Here ¢; = % if i = g and 1 otherwise.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

(Fakhruddin) Let g be a simple Lie algebra, £ > 0 an integer and
X={\,.... A} € P

CI(V(gv & X))

13
- (£+hV {Z{ ){(n—i)(n—i—l)Zc()\a)

AC[n] acA
|Al=i
+i(i=1) > cQa)y = {D_ clp)- SV rXAC’N*}}(SA}.
a'eAc HEPy

Here ¢; = % if i = g and 1 otherwise. ry are the ranks of
corresponding CB vector bundles.

Angela Gibney slp CB divisors on ﬂom



One thing that makes the formula great is that it holds for any CB
vector bundle, giving us TONS of divisors to work with.
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Conformal Blocks Divisors

A simple family

One thing that makes the formula great is that it holds for any CB
vector bundle, giving us TONS of divisors to work with.

Unfortunately, the formula is recursive, and as we have seen with

the Verlinde formula for sly, formulas for the ranks exist, but are
not simple.

Angela Gibney slp CB divisors on ﬂom
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

One thing that makes the formula great is that it holds for any CB
vector bundle, giving us TONS of divisors to work with.

Unfortunately, the formula is recursive, and as we have seen with
the Verlinde formula for sly, formulas for the ranks exist, but are

not simple.

He also looked at particular CB divisors.

Angela Gibney sly CB divisors on ﬂom



For example, Fakhruddin looked carefully at sly level 1 divisors
with non-symmetric weights.

i
v
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For example, Fakhruddin looked carefully at sly level 1 divisors
with non-symmetric weights.

{D2 2 A\ € {0,1}, for all i}.
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For example, Fakhruddin looked carefully at sl level 1 divisors
with non-symmetric weights.

{D2 2 A\ € {0,1}, for all i}.

He showed that this family forms a basis for Pic(Mo ;)
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For example, Fakhruddin looked carefully at sl level 1 divisors
with non-symmetric weights.

{D2 2 A\ € {0,1}, for all i}.

He showed that this family forms a basis for Pic(Mo ;)
and
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A simple family

For example, Fakhruddin looked carefully at sl, level 1 divisors
with non-symmetric weights.

{D2 - \; € {0,1}, for all i}.

He showed that this family forms a basis for Pic(Mo )
and

the morphisms defined by them factor through contraction maps to
certain moduli spaces of weighted stable curves, defined by
Hassett.

Angela Gibney slp CB divisors on ﬂom



For the rest of the talk | will focus on a different very simple family
of CB-divisors defined on ﬂo,n.

«Or «F>» «=)» (=) A



On Ho,n, let

[ : _h
{Dz2{1’“_71} 1 < l < g = LEJ - 1}a
be the family of CB divisors given by:

«Or «F>» «=)» (=) A



On Ho,n, let

[ : _h
{Di,z{l,...,l} 1<i<g= LEJ -1},

be the family of CB divisors given by:

1. g= slp,

«Or «F>» «=)» (=) A



On Ho,n, let

[ : _h
{Di,il,...,l} 1<i<g= LEJ -1},

be the family of CB divisors given by:

1. g= slp,

2. tef{l,...,g}, and

«Or «F>» «=)» (=) A



On Ho,n, let

[ ) _n
{Di,il,...,l} 1<i<g= LEJ -1},

be the family of CB divisors given by:

1. g= slp,

2. tef{l,...,g}, and

3. symmetric weights

Y={1,...,1}.

«O0r «4Fr «=E» «E)» 12N G4



12N G4




(Fakhruddin) For any ¢ and A, if 3°; \; = odd, then r; = 0.

«O0>» «F>» «E» «E» = Q>



(Fakhruddin) For any ¢ and A, if 3°; \; = odd, then r; = 0.

In particular, if nis odd, then

:10%
]D)Z,{l,...,l

} is trivial.

«Or «F>» «=)» (=) A



(Fakhruddin) For any ¢ and A, if 3°; \; = odd, then r; = 0.

In particular, if nis odd, then D

01,1} is trivial.
(Fakhruddin) If 2¢ > >, \;, then D;[ZX is trivial.
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(Fakhruddin) For any ¢ and A, if 3°; \; = odd, then r; = 0.

In particular, if nis odd, then D

01,1} is trivial.
(Fakhruddin) If 2¢ > >, \;, then D;[ZX is trivial.

In particular, if £ > g + 1 then D52

01,1} 'S trivial.
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(Fakhruddin) For any ¢ and A, if 3°; \; = odd, then r; = 0.

In particular, if nis odd, then D

01,1} is trivial.
(Fakhruddin) If 2¢ > >, \;, then D;[ZX is trivial.

In particular, if £ > g + 1 then D}, | is trivial.
So we put n =2(g + 1) and consider the family

o

01,1} 1<t<g}
of divisors on ﬂo,n.
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The symmetric group S, acts on ﬂo,n.
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The divisors D52

The symmetric group S, acts on ﬂo,n.
01,1}

are S, invariant.

«0)>» «F»r « Q>




The symmetric group S, acts on mo,,,.

The divisors ID);IEI 1y are S, invariant.

In particular, we can consider them as elements of the cone of
symmetric nef divisors:



The symmetric group S, acts on ﬂo,n.

The divisors ID);IEI 1y are S, invariant.

In particular, we can consider them as elements of the cone of
symmetric nef divisors:

D;,[2{1,...,1} € SymNef(Mo ) = Nef(Mo ).

«Or 4F» «=)» « =)
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The symmetric group S, acts on Mo p.
The divisors D*" y are S, invariant.

£7{17"'71

In particular, we can consider them as elements of the cone of
symmetric nef divisors:

D}?, 1y € SymNef(Mo,n) = Nef(Mo,p).

Recall that for n = 2(g + 1), this moduli space is isomorphic to the
stable hyperelliptic locus in M.

Angela Gibney sly CB divisors on ﬂom
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The symmetric group S, acts on Mo p.
The divisors D*" are S, invariant.

£7{17"'71}

In particular, we can consider them as elements of the cone of
symmetric nef divisors:

D}?, 1y € SymNef(Mo,n) = Nef(Mo,p).

Recall that for n = 2(g + 1), this moduli space is isomorphic to the
stable hyperelliptic locus in M. It has Picard number g.

Angela Gibney sly CB divisors on ﬂom



I'll give a formula for the intersection of the divisors ]D)*le{1 1) with

a collection of curves that forms a basis for the 1-cycles on Mg p.
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I'll give a formula for the intersection of the divisors ]D);IZ{1 1) with

a collection of curves that forms a basis for the 1-cycles on Mg p.
From this one can see:

«O0» «Fr» « E» 3 Q>

a



a collection of curves that forms a basis for the 1-cycles on Mo n
From this one can see

1 {D%, .

I'll give a formula for the intersection of the divisors ]D)5 1,

A with
1y

1 << g} forms a basis for Pic(Mo )

«0)>» «F» «=Z)>» « =) = Q>



I'll give a formula for the intersection of the divisors ]D)5 1,

a collection of curves that forms a basis for the 1-cycles on Mo n
From this one can see

A with
1. {D;I?{l % 1 < /¢ < g} forms a basis for Pic(My )
2. {]D);[?{l lef{l,2,g
SymNef(Mo n)

1,g}} generate extremal rays of

«O0r «4Fr «=E» «E)» 12N G4



I'll give a formula for the intersection of the divisors ]D)5 1,

A with
a collection of curves that forms a basis for the 1-cycles on Mo n-

From this one can see:
1. {D;I?{l 1y 1= €< g} forms a basis for Pic(Mo,n);

2. {]D);[?{l :0e{1,2,g —1,g}} generate extremal rays of
SymNef(Mo,,,).

3. explicit formulas for their classes in Pic(Mon).
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A simple family

Features of the family:

I'll give a formula for the intersection of the divisors ID)Zb{l 1 with

a collection of curves that forms a basis for the 1-cycles on Mo,n-

From this one can see:

1. {Difil,...,l} 1< ¢ < g} forms a basis for Pic(Mo,n);
2. {D;%{L...,l} :0e{1,2,g —1,g}} generate extremal rays of

SymNef(Mp ).
3. explicit formulas for their classes in Pic(Mo p).

As an application, we identify and study the morphisms defined by
the divisors and more generally, give a technique for finding Nef
divisors on M2(g+1).

Angela Gibney slp CB divisors on ﬂom



The divisors

Bi=Y_ da
|Al=k
form a basis of

Sym Pic(ﬂo,n)R = PiC(//\\/i/o,n)R-

«Or «F>» «=)» (=) A



The divisors

Bk = Z5A

|A|=k
form a basis of

Sym Pic(ﬂo,n)R = PiC(MO,n)R-

)

«O0r «4Fr «=E» «E)» 12N G4

To find the coefficients of D*2 in the basis, we intersect with a
collection of 1-cycles.



The divisors

Bk = Z5A

|A|=k
form a basis of

Sym Pic(ﬂo,n)R = PiC(MO,n)R-

)

To find the coefficients of D*2 in the basis, we intersect with a
collection of 1-cycles.

We use F-Curves.

«O0r «4Fr «=E» «E)» 12N G4



a l-dimensional boundary component.

An F-curve on Mo,n is any curve that is numerically equivalent to

«O0)>» «Fr < > < » Q>



An F-curve on ﬂo,n is any curve that is numerically equivalent to
a l-dimensional boundary component.

This class depends only on a partition of the marked points into
four nonempty sets:

«Or 4F» «=)» « =)
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A simple family

An F-curve on My ,, is any curve that is numerically equivalent to
a 1-dimensional boundary component.

This class depends only on a partition of the marked points into
four nonempty sets:

{1,...,n} =ALIBII CII D.

Angela Gibney slp CB divisors on ﬂo,,,



symmetric divisor classes on Mo ,.

For this talk, we will consider the intersection of F-curves with

«O0)>» «Fr < > < » Q>



For this talk, we will consider the intersection of F-curves with
symmetric divisor classes on Mo ,.

In particular, we do not need to know the partition itself, but only
the size of the sets.

«0)>» «F» «=Z)>» « =) = Q>
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A simple family

For this talk, we will consider the intersection of F-curves with
symmetric divisor classes on M ,.

In particular, we do not need to know the partition itself, but only
the size of the sets.

In other words, a partition a+ b+ ¢ 4+ d = n of the integer n into
four positive integers determines an F-curve class, up to S,
symmetry.

Angela Gibney slp CB divisors on ﬂom
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Conformal Blocks Divisors

A simple family

For this talk, we will consider the intersection of F-curves with
symmetric divisor classes on M ,.

In particular, we do not need to know the partition itself, but only
the size of the sets.

In other words, a partition a+ b+ ¢ 4+ d = n of the integer n into
four positive integers determines an F-curve class, up to S,
symmetry.

We denote the curve
Fa,b,c,d‘

Angela Gibney slp CB divisors on ﬂom



The set of F-Curves

. n
{Fiiin—2-i:1<i< LEJ —1}
forms a basis for the 1-cycles on ﬂo,n.

«Or «F>» «=)» (=) A



The set of F-Curves

. n
{Fiiin—2-i:1<i< LEJ —1}
forms a basis for the 1-cycles on ﬂo,n.

this basis.

Moreover, we have an explicit formula for writing any F-Curve in

«O» <Fr «=E» «=)» z vace
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The set of F-Curves
. n
{Fi1in-o2-i:1<i< LEJ —1}
forms a basis for the 1-cycles on Mo p.

Moreover, we have an explicit formula for writing any F-Curve in
this basis.

In particular, it is enough to know how to intersect the divisors
with these curves.

Angela Gibney sly CB divisors on ﬂo,,,



Suppose that n is even and let

re(j, t) = rank(V(slp, £, {1,...,1,t}),
with j number of 1's.
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Suppose that n is even and let

re(j, t) = rank(V(slp, £, {1,...,1,t}),
with j number of 1's.

slo
DZ,{l,...,l}

. F1’1,,",,_,'_2 = rg(i,f) . rg(n — i — 2,£).

«O0)>» «4F»r « =» <« Q>

it
v



Here are two immediate corollaries:
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Here are two immediate corollaries:
sl ] _ ;
De,{l,...,l} Fiin1=0 <= i#{mod?2.
«0)>» «F»r « > < » o



Here are two immediate corollaries:

Dzlfl’__.’l} “Fi11=0 < i#/{mod?2.

The family of divisors

{DZ[El,...,l} 11<l<g}

forms a basis for Pic(ﬂom).

«O0)>» «4F»r « =» <« Q>

it
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n=16:

«0O>r «Fr < ] > QA

Consider the matrix of intersection numbers D

5[2

J

A1,..1}

Fi,l,l for



Consider the matrix of intersection numbers Df[{Ql A Fi11 for
n = 16: o

Fi11
Fi12
Fi13
Fi14
Fi15
Fi16
Fii7

-3

_H O MR OROR

—
)

[l

5[2 5[2 5[2 5[2 5[2 5[2
D2,I D3,T D4,I Dsi DG,I D7T

0
32
0
32
0
32

0
0

0
0

0

OO0 OO O o

«0» «4F)» « =)

0

= O O OO o

«E >



Consider the matrix of intersection numbers Df[{Ql T Fi11 for

n=16:
o7t
F17171 1 0
Fii2 O 32
F1,173 1 0
Fii4a O 32
Fiis 1 0
F1,1,6 0 32
Fii7 1 0

The matrix has full rank.

0
0

0
0

0

OO0 OO O o

«0» «4F)» « =)

5[2 5[2 5[2 5[2 5[2 5[2
D2,I D3,T D4,I Dsi DG,I D7T

0

= O O OO o

«E >
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An Example

Consider the matrix of intersection numbers Df[fl T Fi1. for
n=16: S

b)Y Dy D5 Dii Dii Dgi Dij
Fpbii 10 0 0 0 0 O
Fiio O 32 0 0 0 0 0
Fpbis 10 5 0 0 0 O
Fii4 O 32 0 40 0 0 0
Frhais 10 63 0 19 0 0
FLige 0 32 0 5 0 6 0
FLaz 1 0 64 0 25 0 1

The matrix has full rank. In the first and last two columns, many
of the curves intersect the CB divisor in degree zero.
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The divisors in the set

Sl
{De,f1,...,1

} 1L E {1,27g - lag}}
generate extremal rays of SymNef(Mo ).

it
v
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The divisors in the set

Sl
{De,f1,...,1

} 1L E {1,27g - l,g}}
generate extremal rays of SymNef(Mo ).

We see this by looking at the curves they intersect in degree zero.

«O0)>» «4F»r « =» <« Q>

it
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For n = 2(g + 1), since SymPic(Mo, ) is g-dimensional, any

family of g — 1 linearly independent curves determines an extremal
ray of the nef cone in this vector space.
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For n=2(g + 1), since SymPic(My ,) is g-dimensional, any
family of g — 1 linearly independent curves determines an extremal
ray of the nef cone in this vector space.

To prove extremality of our divisors, we use F-curves.

Angela Gibney sly CB divisors on ﬂo,,,



5‘2
D1,{1,...,1

} Fabecd =0 <= abcd =0 mod 2.
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5(2 .
D1,{1,...,1

} Fabecd =0 <= abcd =0 mod 2.

In particular, this holds for the set of g — 1 independent curves:

{Fapin—ica:1<i<g-—1}.

«Or 4F» «=)» « =) Q>



5(2 .
D1,{1,...,1}

Fabecd =0 <= abcd =0 mod 2.

So D"

1{1,...,1

In particular, this holds for the set of g — 1 independent curves
p g
} is extremal.

{Fapin—ica:1<i<g-—1}.

«Or 4F» «=)» « =) Q>



5(2 .
D1,{1,...,1}

Fabecd =0 <= abcd =0 mod 2.

{F22,in—i—a:1<i<g—1}.
So Df["%l o is extremal.

Consider the example n = 8:

«O0r «4Fr «=E» «E)» 12N G4
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5(2 .
D1,{1,...,1

} Fabecd =0 <= abcd =0 mod 2.
In particular, this holds for the set of g — 1 independent curves:

So D"

{F22,in—i—a:1<i< g—1}.
1411}

is extremal.

Consider the example n = 8:

«0» «4F)» « =)
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5(2 .
D1,{1,...,1

} Fabecd =0 <= abcd =0 mod 2.
In particular, this holds for the set of g — 1 independent curves:

So D"

{F22,in—i—a:1<i< g—1}.
1411}

is extremal.

Consider the example n = 8:

«0» «4F)» « =)

«E >
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5(2 .
D1,{1,...,1}

Fabecd =0 <= abcd =0 mod 2.

{F22,in—i—a:1<i<g—1}.
So Df["%l o is extremal.

Consider the example n = 8:

In particular, this holds for the set of g — 1 independent curves

«0» «4F)» « =)

«E >
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5(2 .
D1,{1,...,1

} Fabecd =0 <= abcd =0 mod 2.
In particular, this holds for the set of g — 1 independent curves:

So D"

{F22,in—i—a:1<i< g—1}.
1411}

is extremal.

Consider the example n = 8:

% - A
FM;':'L . -

«0» «4F)» « =)

«E >
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Fab,e,d =0 <= abcd =1 mod 2
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5(2
D2,{1,...,1 )

} Fa}b,(;’d - 0 = ade = 1 mOd 2

This holds for Fl,l,i,n—i—2 with 7 Odd, and Fa,b,c,d = F3,3,,',,,_,'_6
with / odd.

«Or «F>» «=)» (=) A



Dgri:l .1} Fabea =0 <= abcd =1mod2.

This holds for F1,17,',,,_,'_2 with 7 Odd, and Fa,b,c,d = F3,3,,",,_,'_6
with / odd.

There are (g — 1) such curves, and they are independent, and so

sl .
D2,{1,...,1} is extremal.

«0)>» «F» «=Z)>» « =) = Q>



Dgri:l .1} Fabea =0 <= abcd =1mod2.

This holds for F1,17,',,,_,'_2 with 7 Odd, and Fa,b,c,d = F3,3,,",,_,'_6
with / odd.

There are (g — 1) such curves, and they are independent, and so
D;%l .1y Is extremal.

Consider the example n = 8:

«0)>» «F» «=Z)>» « =) = Q>



Dgri:l .1} Fabea =0 <= abcd =1mod2.

This holds for F1,17,',,,_,'_2 with 7 Odd, and Fa,b,c,d = F3,3,,",,_,'_6
with / odd.

There are (g — 1) such curves, and they are independent, and so
D;%l .1y Is extremal.

Consider the example n = 8:
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Dgri:l .1} Fabea =0 <= abcd =1mod2.

This holds for F1,17,',,,_,'_2 with 7 Odd, and Fa,b,c,d = F3,3,,",,_,'_6
with / odd.

There are (g — 1) such curves, and they are independent, and so
D;%l .1y Is extremal.

Consider the example n = 8:

F:.n.n%

F‘l‘ l‘l5
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Dgr?{l .1} Fabea =0 <= abcd =1mod2.

This holds for F1,17,',,,_,'_2 with 7 Odd, and Fa,b,c,d = F3,3,,",,_,'_6
with / odd.

There are (g — 1) such curves, and they are independent, and so
D;%l .1y Is extremal.

Consider the example n = 8:

F;.n.n%

F‘l‘ l‘l5

u]
]
it
a
it
it
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sl
Dg—l,{l,...,l}

“Frpi=0foric{l,...,g} ~{g—1}.
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D:il,{l,...,l} -Fi1i=0forie{l,...,g} ~{g—1}.

These curves are independent and so Dglf

is extremal.
1,{1,...,1}

«0)>» «F»r « «E» = Q>
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sl
Dg_17{1771}

“Frpi=0foric{l,...,g} ~{g—1}.

These curves are independent and so Dglf
Dﬁ(z
g?{17"’?1}

11,1} is extremal.
. Fl,l,i =0forije€ {1, .

.8 —1}
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D;[il,{l,...,l} -Fi1i=0forie{l,...,g} ~{g—1}.

These curves are independent and so Dglf
Dsb
g.{1,...,1}

141,.
. Fl,l,i =0foriec {1, .

L} s extremal.
These curves are independent and so

D;I":{l 1) is extremal.
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DZEL{I,.-.,I} -Fi1i=0foriec{l,...,g} ~{g —1}.

These curves are independent and so D?il 1.1} is extremal.

D?f{l,...,l} Fipi=0forie{l,...,g -1}

These curves are independent and so D?Q{l 1} is extremal.

Consider the example n = 8:
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D;[il,{l,...,l} -Fi1i=0forie{l,...,g} ~{g—1}.

These curves are independent and so Dgli
Dﬁ(z
g.{1,...,1}

11,1} is extremal.
“Fi1;=0forie{l,...,g—1}.

These curves are independent and so D;I"‘;;lml} is extremal.
Consider the example n = 8:

«0» «4F)» « =)

«E >




D;[il,{l,...,l} -Fi1i=0forie{l,...,g} ~{g—1}.

These curves are independent and so Dgli
Dﬁ(z
g.{1,...,1}

11,1} is extremal.
. Fl,l,i =0forije {1,. ,8 — 1}.
These curves are independent and so

sl .
Dg,{l,...,1} is extremal.
Consider the example n = 8:

F.,mv‘

Rz

«0» «4F)» « =)

«E >




D:il,{l,...,l} -Fi1i=0forie{l,...,g} ~{g—1}.

These curves are independent and so Dgli
Ds(2
g.{1,...,1}

11,1} is extremal.
“Fi1;=0forie{l,...,g—1}.

These curves are independent and so D:‘;;lml} is extremal.
Consider the example n = 8:

[

ﬁll,l,‘l

«0» «4F)» « =)

«E

>




We next consider the morphisms defined by the extremal divisors
and by divisors that lie on some faces spanned by them.

«0)>» «F» «=Z)>» « =) = Q>
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The divisor Di%{l,...;} defines the composition

— h —
M0’2g+2 — Mg

Sat
t —Sat
Ag

«0)>» «F» «=Z)>» « =) = Q>



The divisor Diﬁl,...,l} defines the composition

— h —
M0’2g+2 — Mg

Sat
t —Sat
Ag

«0)>» «F» «=Z)>» « =) = Q>

Consider the example n =8, g = 3.



The divisor Di%{l,...,l} defines the composition

_ _ Sat
Mo,zg.q.z i) Mg t—) A:at.

_1 R

NE (Ms).

Consider the example n = 8, g = 3. Recall the Satake chamber in

«0)>» «F» «=Z)>» « =) = Q>



The divisor Di%{l,...,l} defines the composition

~ h — % —Sat
Mo’2g+2 — Mg — A

o o
Consider the example n = 8, g = 3. Recall the Satake chamber in
NE' (Ms).

«O0r «4Fr «=E» «E)» 12N G4




The divisor Di%{l,...,l} defines the composition

~ h — % —Sat
Mo’2g+2 — Mg — Ag .

Consider the example n = 8, g = 3. Recall the Satake chamber in
ﬁl(ﬂg. And now in ﬁl(Mo,g).

«O>» «F>» «E» «E>» A




The divisor Di%{l,...,l} defines the composition

~ h — % —Sat
Mo’2g+2 — Mg — Ag .

Consider the example n = 8, g = 3. Recall the Satake chamber in
ﬁl(ﬂg. And now in ﬁl(Mo,g).

Z ,"‘,
«O>» «F>» «E» «E>» A




To prove this, we found the class for D

5[2

1,{1,..,1}"

«0O>r «Fr < > < QA



To prove this, we found the class for D

5[2

1,{1,..,1}"

(k=1)(n—k—1)
B
TR AN
2<k<g+2,keven 2<k<g+2,kodd

an—1) %

«O0r «4Fr «=E» «E)» 12N G4



To prove this, we found the class for D

5[2

1,{1,..,1}"

(k=1)(n—k—1)
B
TR AN
2<k<g+2,keven 2<k<g+2,kodd

an—1) %

«O0r «4Fr «=E» «E)» 12N G4
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To prove this, we found the class for D

5[2

1,{1,..,1}"

(k=1)(n—k—1)
B
TR AN
2<k<g+2,keven 2<k<g+2,kodd

an—1) %
where B =3 1,y O1-

One can show that:
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To prove this, we found the class for D

5[2

1,{1,..,1}"

(k=1)(n—k—1)
B
TR AN
2<k<g+2,keven 2<k<g+2,kodd

an—1) %
where B =3 1,y O1-

One can show that:

[ *
Di?l,...,l} = h*(A).

«O0r «4Fr «=E» «E)» 12N G4
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The divisor D;f?{l,...,l} defines the morphism

= == u
M0’2g+2 — Mg — X,

to the "unknown variety” X defined earlier.

«0)>» «F» «=Z)>» « =) = Q>



The divisor D;f?{l,...,l} defines the morphism

v h —— u
to the "unknown variety” X defined earlier.

Consider the example for g = 3.

«0)>» «F» «=Z)>» « =) = Q>



The divisor D;f?{l,...,l} defines the morphism

= == u
Mo’2g+2 — Mg — X,

to the "unknown variety” X defined earlier.
_1 R
NE" (Ms3).

Consider the example for g = 3. Recall the unknown chamber in

«0)>r «F» «=Z)» « =) = Q>



The divisor D;f?{l,...,l} defines the morphism

= == u
Mo’2g+2 — Mg — X,

to the "unknown variety” X defined earlier.

Consider the example for g = 3. Recall the unknown chamber in
NE' (Ms).

«0» «4F)» « =)

<

it
-




The divisor D;f?{l,...,l} defines the morphism

= == u
Mo’2g+2 — Mg — X,

to the "unknown variety” X defined earlier.

Consider the example for g = 3. Recall the unknown chamber in
ﬁl(ﬂg). And now in Wl(Mo,g).




I
The divisor D; ?{1

1 defines the morphism

h —— u
M02g+2 —)Mg — X

to the "unknown variety” X defined earlier.

Consider the example for g = 3. Recall the unknown chamber in
NE"(M3). And now in NE (Mog)

AVAN

ao» «9»




To prove this, we found the class for D,

:10%

2,{1,..,1}"

«0O>r «Fr < > QA



To prove this, we found the class for

D5 0)

2,{1,..,1}"
2s§+2 <34f(((nn_ 1)) - 1) Bt > <3k(n —K)

3
- B
4(” - 1 4) ks
2<k<g+2
keven <

«O>» «Fr <> «=)» .



To prove this, we found the class for

D5 53

2,{1,...,1}"

) 3k(n — k) 3
—1] Bk - B
4(n—1) > An—1) 4)°F
2<k<g+2 2<k<g+2
keven kodd
A simple check shows that

«O0r «4Fr «=E» «E)» 12N G4



To prove this, we found the class for

[)5&
3 <3k(n

2{1,..,1}"
2<k<g+2

4(n—1)
keven

a5 (a8

3k(n— k) 3 B
4n—1) 4 ’
2<k<g+2
kodd
A simple check shows that
L
D ..

1y = h*(12) = éo)

«0)>» «F» «=Z)>» « =) = Q>
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k1 defines an embedding tg o h

—Vor
Mo g +2 by M, Ay — PA,.

—Vor

«0)>» «F» «=Z)>» « =) = Q>



k1 defines an embedding tg o h
vi h o+ t
Mopogr2 — Mg —

—Vor —Vor

Ay — PA,.

1
T T os2 D5

22 72,{1,..1}

«0)>» «F» «=Z)>» « =) = Q>

To prove this we show that k1 is proportional to the combination
D5[2



k1 defines an embedding tg o h
vi h o+ t
Mopogr2 — Mg —

—Vor —Vor

Ay — PAg.

1
T T os2 D5

2g—2 72,{1,..,1}
which you can see for g = 3, lies in the ample cone:

«0)>r «F» «=Z)» « =) = Q>

To prove this we show that k1 is proportional to the combination
D5[2



k1 defines an embedding tg o h

— h — ?Vor
Mogi2 — Mg —>

—Vor

Ay — PAg.

1
T T os2 D5

To prove this we show that k1 is proportional to the combination
sl

b 2g—2 72,{1,..,1}

which you can see for g = 3, lies in the ample cone:

o

~B,

~B,

«0» «4F)» « =)




The last two extremal classes are:
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The last two extremal classes are:

D5 [2
g—

g

_ v (- D(k-1)k

1,{1,....1} — Z B
k=2

3_2g%+1
) (g g
n—1

T) Pe1.

«Or «F>» «=)» (=) A




The last two extremal classes are:

D5 [2
g—

g

_ v (- D(k-1)k

1,{1,....1} — Z B
k=2

3 20241
) (g g
n—1
and

T) Pe1.

«Or «F>» «=)» (=) A




The last two extremal classes are:

D5 [2

—1)(k — 1)k
o ,1}—Z(g 1)(k—1)

3_2 2+1
Bk+(g g
n—1
=2
and

n—1 > Bg+17
g+1
D5[2

(k= 1)k
1) = 2 50— 1) 2

«O0r «4Fr «=E» «E)» 12N G4




Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The last two extremal classes are:

g 3 2
[ _~ (- D(k—1)k g’ —2g°+1
D21y = 2 Bet \=—H=1 ) Berv

g+1
5[2 — (k _ 1)k
Dy = Z 2(n—1) Bi.
k=2

Neither one of these is the pullback of a nef divisor along the
hyperelliptic map for general g.
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The last two extremal classes are:

g 3 2
DZ_[Q 17{1“.71} J— § (g )( ) Bk (g g ) Bg 1

) e n—1 n—1
and
- RS (k=Dky
g—1{1,...,1} = Z 2(n — 1) k-
k=2

Neither one of these is the pullback of a nef divisor along the

hyperelliptic map for general g. But they are for g = 3, as I'll show
you next.

Angela Gibney slp CB divisors on ﬂom



Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The last two extremal classes are:

g 3 2
[ _~ (- D(k—1)k g’ —2g°+1
D2317{1 1} = Z Bk + n—1 Bngl’

g+1
5[2 — (k _ 1)k
Dy = Z 2(n—1) Bi.
k=2

Neither one of these is the pullback of a nef divisor along the
hyperelliptic map for general g. But they are for g = 3, as I'll show
you next. After that I'll tell you what maps their associated
morphisms do factor through.

Angela Gibney slp CB divisors on ﬂom



In the example n = 8, where g = 3

«O0)>» «Fr < > < » Q>



In the example n = 8, where g = 3

DS [2
g—

1,{1,...,1}

_ I
=D

1y

«O>» «Fr « A



In the example n = 8, where g = 3

5[2 _ [2
Dg_]-’{l?al} B Dg’{la
slp _ sl
Do,y =Dsfa, 0y

1y

«O>» «Fr « A




In the example n = 8, where g = 3

L L
Dgil,{l,...,l} = Dg,?l,...,l}'
and
slp _ sl
Dg,{l,...,l} =D

3,{1,...,1}"
Recall the Chow-stable chamber in ﬁl(ﬂg).
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In the example n = 8, where g = 3

DS [2

L
g—1,{1,..,1} — Dg,?l,...,l}'
and

slp _ sl
Dg,{l,...,l} =D

3,{1,...,1}"
Recall the Chow-stable chamber in ﬁl(ﬂg).

«0» «4F)» « =)

«E >
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In the example n = 8, where g = 3

DS [2

L
g—1,{1,..,1} — Dg,?l,...,l}'
and

I L
Déf{l,...,u - Dg,?l,..‘,l}'
-1, ~
NE (Mo,g).

Recall the Chow-stable chamber in ﬁl(ﬂg). And now in

«0» «4F)» « =)

«E >
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In the example n = 8, where g = 3

DS [2

[
g—1,{1,..,1} — Dg,?l,...,l}'
and

I [
Déf{l,...,u - Dg,?l,..‘,l}'
-1, ~
NE (Mo,g).

Recall the Chow-stable chamber in ﬁl(ﬂg). And now in

«0» «4F)» « =)

«E >
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We can see how all the chambers of ﬁl(ﬂﬂ

i
v

«0)>» «F»r « «E» = Q>



We can see how all the chambers of ﬁl(ﬂﬂ

«0)>» «F» «=Z)>» « =) = Q>




ﬁl(/’\\/{o,s)Z

We can see how all the chambers of ﬁl(ﬂﬂ pull back to

«0)>» «F» «=Z)>» « =) = Q>




We can see how all the chambers of ﬁl(ﬂﬂ pull back to
_1 —
NE (Moys):
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The extremal divisor D2

g7{17"'71}

defines a sequence of contractions
through Hassett's moduli spaces ﬂo,n.e of weighted pointed stable
curves with symmetric weights n-e = {e, ..., €}.

«0)>» «F» «=Z)>» « =) = Q>



The extremal divisor DZ[Z{l 1 defines a sequence of contractions

through Hassett's moduli spaces ﬂo,n.e of weighted pointed stable

curves with symmetric weights n-e = {¢,...,e}. Namely, for
n=2g+2

«Or 4F» «=)» « =)



Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The extremal divisor D§[2{1 1 defines a sequence of contractions

through Hassett's moduli spaces ﬂom.e of weighted pointed stable
curves with symmetric weights n- e = {¢,...,e}. Namely, for
n=2g+4?2

Mo,n — mo,nfg,l — ﬂO,n-eé_,,g — mo,n~€1 = (Pl)n//SL(2)7

Angela Gibney slp CB divisors on ﬂom



Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The extremal divisor D§[2{1 1) defines a sequence of contractions
through Hassett's moduli spaces ﬂom.e of weighted pointed stable
curves with symmetric weights n- e = {¢,...,e}. Namely, for
n=2g+4?2

Mo,n = mo,nfg,l — ﬂO,n-eé_,,g — mo,n~€1 = (Pl)n//SL(2)7

1 1
where 12—k <€ < gl k-
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Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The extremal divisor D§[2{1 1 defines a sequence of contractions

through Hassett's moduli spaces ﬂom.e of weighted pointed stable
curves with symmetric weights n- e = {¢,...,e}. Namely, for
n=2g+4?2

MO," = ﬂUJPEg—l - MO,H-ngz — MO,H-Q = (Pl)n//SLQ)v
where m < e <

1
g+1l—-k-

Here (P1)"//SL(2) is the GIT quotient with the trivial
linearization.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The extremal divisor D§[2{1 1 defines a sequence of contractions

through Hassett's moduli spaces Mom.e of weighted pointed stable
curves with symmetric weights n- e = {¢,...,e}. Namely, for
n=2g+4?2

mo,n = ﬂO,n-eg,l — ﬂO,n-eg,g — Mo,n-ﬂ = (]P)l)n//SL(2)a

where <€ <

_ 1 _ 1
gt2—k g+i—k-

Here (P1)"//SL(2) is the GIT quotient with the trivial
linearization.

This divisor was known to Alexeev-Swinarski and the blowup has
been studied by Kiem and Moon (this is their notation).
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The morphisms defined by the extremal divisors

i
v

«0)>» «F»r « «E» = Q>



The morphisms defined by the extremal divisors

sl
{De,il,.‘.,l

} S {1727g_17g}}

«Or «F>» «=)» (=) A



The morphisms defined by the extremal divisors

sl
{Dl,il,.‘.,l

} S {1727g - 17g}}
all factor through the flag map

«Or «F>» «=)» (=) A



The morphisms defined by the extremal divisors
{]D)Zfil,...,l} L € {172ag - 17g}}
all factor through the flag map

f:Moogia — ﬂ2g+2,
given by attaching elliptic tails.

«O0r «4Fr «=E» «E)» 12N G4
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A simple family

The morphisms defined by the extremal divisors
[
{DZ?{L---J} 0e{l,2,g—-1,g}}
all factor through the flag map
f: -A/>l/0,2g+2 — Mogy2,
given by attaching elliptic tails.

In particular, there are positive constants ¢;, and nef divisors D; on
Mo(g41), so that for j € {1,2,g — 1,g}:
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

The morphisms defined by the extremal divisors
{]D)Z[?{lr--»l} 0e{l,2,g—-1,g}}
all factor through the flag map
f: -A/>l/0,2g+2 — Mogy2,

given by attaching elliptic tails.

In particular, there are positive constants ¢;, and nef divisors D; on
Mo(g41), so that for j € {1,2,g — 1,g}:

msh
G’

oy =F(D).
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Let us consider the example n = 8 once again.
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Let us consider the example n = 8 once again.

On Mg there are 20 extremal nef divisors.
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Let us consider the example n = 8 once again.

On Mg there are 20 extremal nef divisors.
3 pull back to zero.
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Let us consider the example n = 8 once again.
On Mg there are 20 extremal nef divisors.

3 pull back to zero.

2 pull back to D%, .

«0)>» «F» «=Z)>» « =) = Q>



Let us consider the example n = 8 once again.
On Mg there are 20 extremal nef divisors.

3 pull back to zero.
2 pull back to D"

1,{1,...,1}
2 pull back to D3, .

«0)>» «F» «=Z)>» « =) = Q>



Let us consider the example n = 8 once again.
On Mg there are 20 extremal nef divisors.

3 pull back to zero.
2 pull back to D"

1,{1,...,1}
2 pull back to D3, .
3 pull back to D3, ..

«0)>» «F» «=Z)>» « =) = Q>
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Let us consider the example n = 8 once again.
On Mg there are 20 extremal nef divisors.

3 pull back to zero.
2 pull back to D"

1,{1,...,1}
2 pull back to D3, .
3 pull back to D3, ..

All but 2 of the remaining 10 pull back to combinations of 2
extremal rays.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

Let us consider the example n = 8 once again.
On Mg there are 20 extremal nef divisors.

3 pull back to zero.
2 pull back to D"

1,{1,...,1}
2 pull back to D3, .
3 pull back to D3, ..

All but 2 of the remaining 10 pull back to combinations of 2
extremal rays. The last two are each combinations of 3 extremal
rays.

Angela Gibney slp CB divisors on ﬂom



base point free divisors on ﬂo,n-

To summarize, the theory of conformal blocks has given us many

«O0)>» «Fr < > < » Q>



Talk agenda

The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

To summarize, the theory of conformal blocks has given us many
base point free divisors on Mg .

Thanks to Fakhruddin, we have access to their classes and to
formulas for intersecting them with F-curves.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

To summarize, the theory of conformal blocks has given us many
base point free divisors on Mg .

Thanks to Fakhruddin, we have access to their classes and to
formulas for intersecting them with F-curves.

We can therefore learn about the maps they define by studying
their position in the cone of effective divisors.
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The nef and effective cone of Mg
Conformal Blocks Divisors

A simple family

To summarize, the theory of conformal blocks has given us many
base point free divisors on Mg 5.

Thanks to Fakhruddin, we have access to their classes and to
formulas for intersecting them with F-curves.

We can therefore learn about the maps they define by studying
their position in the cone of effective divisors.

Moreover, presumably, as they are defined geometrically, we have a
shot at identifying the morphisms entirely.
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