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Abstract

The moduli space of stable n-pointed curves of genus g has played an important role
in the literature: as a means of learning about smooth curves and their degenerations,
as a model for moduli spaces generally, and as a test variety for developing theories in
algebraic geometry. Conformal blocks are invariants of a curve attached to a Lie group. In
particular, vector spaces of conformal blocks for G at any stable curve C can be identified
with global sections of an ample line bundle on the moduli stack of G-bundles on C. These
vector spaces fit together to form vector bundles, and we can use these bundles as a tool
to study the moduli space of curves

These are notes from my lectures at GAeL about aspects of vector bundles of conformal
blocks and the moduli space of curves. During the firstlecture Il introduce the moduli space
of curves and illustrate my own interest in these bundles on the moduli space through a
specific problem. In the second lecture I give one definition of the bundles, using affine
Lie algebras mentioning the important Factorization and Propagation of Vacua theorems.
In lecture 3 I focus on geometric interpretations of the bundles, and in Lecture 4 about
Chern classes of the bundles.

In these notes I've tried to include more detail than I had time for in my talks, although
I'm sorry that I have left a lot out.
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Lecture 1

VBs of CBs and Mg,n

1.1 Introduction

In these four lectures I am going to be talking about vector bundles of conformal blocks
on moduli spaces of curves. I'll mention a number of open questions here, and there are
more problems I could talk about if there was more time. Please contact me and keep in
touch if you become interested.

The goals of my lecture today are to:

1. Introduce the moduli space of curves Mg,n ; and

2. Motivate how vector bundles of conformal blocks (VBs of CBs) on Mg,n have the
potential to help us better understand Mg,n.

In these notes I have tried to put in more detail and references than I gave in my lectures.

The moduli space of curves remains a fundamental object of study in algebraic geom-
etry for a number of reasons. For instance it is a:

e useful tool for studying smooth curves and their degenerations;
e prototype for what one wants to achieve when constructing a moduli space;
e good test space, having accessible structure:

— It has a stratification by the topological type of curve being parametrized;

- S, acts on Mg,n by permuting the marked points, giving Mg,n combinatorial
structure similar to a homogeneous variety.



As I'll illustrate with an example about cones of nef divisors, this last feature often
enables one to reduce problems for moduli of higher genus curves to M.

Conformal blocks are invariants of a curve C attached to a Lie group G. In particular,
vector spaces of conformal blocks for G at any stable curve C can be identified with
global sections of an ample line bundle on the moduli stack of G-bundles on C.
For instance, if G = SL(r) and C is a smooth curve, these are global sections of the
theta divisor on the moduli space of (semistable) vector bundles on C of rank r with
trivializable determinant.

Ultimately, both the subjects of moduli of curves and conformal blocks are aimed
at understanding aspects of curves through the study of moduli on them. Because
they play such a central role, it is natural to begin the lectures with a primer on the
moduli space of curves. In these notes I will also say more about moduli spaces
more generally. For further reading, see [Kol96, Chapter 1], [EHO00, Chapter VI, page
], Kleiman’s article on the Picard Scheme in [FGI"05], and [HM98].

1.2 Moduli spaces in general

1.2.1 Moduli problems

Moduli spaces are solutions to moduli problems. To describe a moduli problem, we
will start with any reasonable class of objects S which we may wish to study; For
example:

— all smooth and proper curves of a fixed genus g defined over a field k;

— all curves, defined over k, of a fixed genus ¢ > 1 with one non-separating node;

- given a smooth curve C, all vector bundles of rank r on C, up to isomorphism.
As part of being a reasonable collection of objects, S should be closed under base

extension. So for example, if objects X in S are defined over Spec(k), where k is a
field, and if k — k s a field extension, then Xy = X xgpec(r) Spec(k) is also in S.

Definition 1.2.1. Given a reasonable collection of objects S as above, we define a (con-
travariant) moduli functor from the category (Schy) of schemes over k to the category (Sets)
of sets

Fs: (Schy) — (Sets), T— Fs(T),

where Fs(T) is equal to the set of flat families of objects in S parametrized by T up to
isomorphism over T.



One then asks:

Question 1.2.2. Is there a flat morphism of schemes:
u: 7/13 - MOds,
which is a fine moduli space for the moduli functor?

If the answer to Question 1.2.2 is yes, then for every object T € Obj(Schy), pulling
back, gives an equivalence of sets:

Fs(T) = Morsy,(T, Mods).
For example, taking T = Mod, we obtain the universal family
u:Us — Modgs
which corresponds to the identity element
id € Morsy,(Mods, Modss).

And taking T = Spec(k), we see that the set of k-points of Mods corresponds to the
tibers of the family u : Us — Mods.

Another more formal way to say this is the following.
Definition 1.2.3. The functor Fs from Definition 1.2.1 is represented by the scheme Mods

if there is a natural isomorphism between Fs and the functor of points Morsg( ,Mods).
In this case we say Mods is a fine moduli space for the functor Fs.

1.2.2 The functor of points

Definition 1.2.4. Let X be a scheme over a field k. The functor of points of a scheme X is

the contravariant functor
hx : (Schy) — (Sets),

from the category (Schy) of schemes over k to the category (Sets) of sets which takes a scheme
Y € Ob(Schy) to the set hx(Y) = Morseq, (Y, X), and takes maps of schemes f : Y — Z, to
maps of sets:

hx(f) : hx(Z) — hx(Y), [§:Z— X] —[gof:Y — X].



Definition 1.2.5. We say that a contravariant functor
F: (Schy) — (Sets),

is representable if it is of the form hx for some scheme X. By Yoneda’s Lemma (below), if X
exists, then it is unique, and we say that X represents the functor F.

For a proof of Yoneda’s Lemma, which we next state, see for example [EH00, pages
252-253]

Lemma 1.2.6 (Yoneda). Let C be a category and X, and let X' € Obj(C).

1. If F is any contravariant functor from C to the category of sets, the natural trans-
formations from Mor(,X) to F are in natural correspondence with the elements of
E(X);

2. If functors Mor(, X) and Mor(,X') are isomorphic, then X =~ X'

1.2.3 M,: Not a fine moduli space
Consider, for ¢ = dimH'(C,0) > 2:
Mg i (Schy) — (Sets), T — M,(T),

where M,(T) is the set of proper flat maps m : ¥ — T such that every fiber F; is
a smooth projective curve of genus ¢ modulo isomorphism over T. This functor is
not represented by a fine moduli space: every curve with nontrivial automorphisms
creates issues.

Example 1.2.7. We will consider a nontrivial family of hyperelliptic curves parametrized
by G,, = AN\{0}. To describe this family, let X = Z(y* — f(x)) be any smooth hyperelliptic
curve of genus g with Aut(X) = C, =< 1 >. The cyclic group C, acts on X and on G,,:

CxX—=X, (t,(x,y) — (x,—y), and Cy xG, — Gy, (1,2) — —z;
and we can form the contracted product
F =Gy xc, X = (G x X)/ ~, where (t-a,p)~ (a,T-p).

We'll set
T Gy [(a,p)] — @,
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which is well defined since by this prescription (T-a, p) = (—a,p) — &2, and (a, T-p) — a?.
To see that fibers of m are isomorphic to X, notice that one can view the set of points lying
over a* € Gy, as all points lying on two copies of X that are identified by the equivalence
relation ~. In particular if the functor M, were represented by a fine moduli space Mg with
a universal family u : Uy — My, then there would be a constant map

Ur - Gm _’Mg/ a— [X]/

and so F would be equal to the constant family, giving a commutative diagram

T—F>Gm x X
N
Gyp.

But the map F : F — G, x X could simply not be well defined, for all points [(a,p)] € T,
and so this is impossible.

There is a scheme M, with the following properties:

1. for an algebraically closed field k, the k-points of M, are in one to one corre-
spondence with the set of isomorphism classes of smooth curves of genus g
defined over k;

2. if n : ¥ — Tis a flat family of curves of genus g, then there isa map u, : T —
M, such that if t € T is a geometric point, then u(t) is the point [#;] in M,
corresponding to the isomorphism class of the fiber F; = w1 (¢).

1.2.4 Coarse moduli spaces and Mg

Definition 1.2.8. We say that a scheme Mods is a coarse moduli space for the functor
Fs (from Definition 1.2.1), if

1. there is a natural transformation of functors Fs — Morsq( ,Mods);
2. the scheme Mods is universal for (1);

3. for any algebraically closed field extension k — K,
Fs(K) = Morsa(Spec(K), Mods) = Mods(K),

is an isomorphism of sets.



Definition 1.2.9. A stable curve is a complete connected curve with only nodes as singu-
larities and only finitely many automorphisms.

Remark 1.2.10. In order for a curve to have a finite number of automorphisms, any rational
component must meet any other component of the curve in at least three points.

Definition 1.2.11. For ¢ = dimH'(C,Oc) > 2, consider the contravariant functor:
M, : (Schy) — (Sets), T — My(T),

where Mg (T) is the set of flat proper morphisms 1t : F — T such that every fiber F; is a
stable curve of genus g modulo isomorphism over T.

Theorem 1.2.12. [DM69]There exists a coarse moduli space Mg for the moduli functor Mg;
Moreouver, Mg is a projective variety that contains M, as a dense open subset.

Remark 1.2.13. Let T be any smooth curve and p € T a (geometric) point on T. Suppose
there is a regular map
pr T = T\{p} - M,.

By definition of coarse moduli space, this map corresponds to a family 7 : X — T* of stable
curves of genus g, parametrized by T*. Now by Theorem 1.2.12, the moduli space Mg is
proper, and so by the valuative criterion for properness, there is an extension of u* giving a
morphism 1 : T — Mg. But by Theorem 1.2.12, Mg is also separated, and one can use this
to show this extension u is unique. So this says that there is a unique extension to a family
7t : X — T parametrized by T. This is the content of the stable reduction theorem.

1.2.5 The boundary of Mg

The boundary of Mg is a union of components:

N 13]
Mg\ Mg = U2 A,

— Ay is the closure of the locus of curves with a single non-separating node, and

— fori > 0, A; is the closure of the locus of curves with a single separating node
whose normalization consists of a curve of genus i and a curve of genus g — i.

10
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Figure 1.1: Components of the boundary of Mg

13 M,,

As one can see in the images pictured in Figure 1.1, moduli of pointed curves come
up naturally even if one is only interested in studying Mg: Each component of the
boundary is the image of a morphism from a variety (or product of varieties) that
(coarsely) represent a more general moduli functor

Mg—l,z —» AO, and for1l <i < [%J, Mi,l X Mg—i,l —» Ai.
Definition 1.3.1. A stable n-pointed curve is a complete connected curve C that has only
nodes as singularities, together with an ordered collection p1, pa, ..., pn € C of distinct
smooth points of C, such that the (n + 1)-tuple (C;ps, ..., pn) has only a finite number of
automorphisms.

Definition 1.3.2. For g = 0,letn > 3, and for g =1, let n > 1:

My, (Schi) — (Sets), T > Mg,u(T),
where Mg,n(T) is the set of proper families (1 : X — T;{0; : T — X}I_,) such that the fiber

(Xi, {oi(t)}1,), at every geometric point t € T is a stable n-pointed curve of genus g modulo
isomorphism over T.

Theorem 1.3.3. [KM76, Knu83a, Knu83b] There exists a coarse moduli space Mg,n for the
moduli functor Mg,; it is a projective variety that contains M, ,, as a dense open subset.
Moreover, My, is a smooth projective variety that is a fine moduli space for Mo,

Remark 1.3.4. When g = 0, the moduli spaces Mg,n represent the functors M,,n, and more-
over they are smooth projective rational varieties. Kapranov showed how to construct M,
as both a Chow and Hilbert quotient using Veronese curves in [Kap93b], and alternatively
as a Chow quotient using the Grassmannian G(2,n) in [Kap93al.
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1.3.1 Tautological maps

Theorem 1.3.5. (Nodal Reduction) Let T be a smooth curve, p a point of T and T* = T\ {p}.
Let X — T* be a flat family of nodal curves of genus g, ¥ : X — Z any morphism to a
projective scheme Z, and D < X any divisor finite over T*. Then there exists a branched
cover T' — T and a family X' — T’ of nodal curves, extending the fiber product X x= T’
with the following properties:

1. The total space X' is smooth;
2. The morphism mix o Y : X xx T' — Z extends to a regular morphism on all of X';

3. The closure of iy (D) in X' is a disjoint union of sections of X' — T'.

Any two such extensions are dominated by a third and so have special fibers whose stable
models are isomorphic.

The moduli spaces Mg,n are related to each other through tautological clutching and
attaching morphisms. For example, there are

1. projection maps: . L
7 Mgy — Mg 1,
given by dropping the i-th marked point (and stabilizing, if necessary).
2. attaching maps: . .
Mg, m+1 X Mgy 11 — Mgy 40115/
given by glueing pointed curves together;

3. clutching maps:

c: Mg—k,n+2k - Mg,n/

given by attaching marked points in pairs.

and combinations of these. It can be beneficial to think of the moduli spaces as a
unified system, and ultimately many questions even about M, or as we’ll see, about

bundles of conformal blocks on Mg, can be reduced to analogous questions on Mo,n,
for suitable n.

1.3.2 F-Curves on Mg,n

The moduli space Mg,n, has dimension 3¢ — 3 + n and the set of curves with at least

k-nodes has codimension k. So for example,
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1. AY(M,,) = the set of curves having at least one node. A' has codimension one.

This is the boundary Mg,n\ M, and it is a union of irreducible components
A
g1

2. Ay(M,,,) = the set of curves having 3¢ — 4 + n nodes. A; is 1-dimensional,
composed of a union of curves whose numerical equivalence classes we call
F-curves.

One can represent the F-curves as images of maps from M4 and M; ;. Notice that on

Mo,, the only F-curves one has are images of maps from Mos. We can "keep track”
of them by the partition N = N; u N, u N3 U Ny that defines them.

1.4 Cones of cycles on a projective variety

Let X be a projective, not necessarily smooth variety defined over an algebraically
closed field. Good references for the concepts below are Lazl,Laz2.

Definition 1.4.1. A variety X is called Q-factorial if every Weil divisor on X is Q-Cartier.
We assume today that X is a Q-factorial normal, projective variety over the complex numbers.
The moduli spaces Mg,n have these properties.

Definition 1.4.2. Two divisors D1 and D, are numerically equivalent, written D1 = D,
if they intersect all irreducible curves in the same degree. We say two curves Cy and C, are
numerically equivalent, written C; = C, if C; - D = Cy - D for every irreducible subvariety
D of codimension one in X.

Definition 1.4.3. We set Ni1(X)z equal to the vector space of curves up to numerical
equivalence, and N'(X)z equal to the vector space of divisors up to numerical equivalence,
and set

N'(X)g = N'(X)z®2Q, N'(X) =N'(X)r = N'(X)z 2R,

and
Ni1(X)o = N1(X)z®z Q, N1(X) = N1(X)r = N1(X)z ®z R.

The nef and pseudo-effective cones on X are subcones of vector spaces N*(X), and
Ni(X), which can be define analogously, and which can be defined for arbitrary
proper varieties. This perspective involves thinking about cycles as being naturally
dual to Chern classes of vector bundles.
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Definition 1.4.4. The pseudo effective cone Eff,(X) < Ni (Mg,n) is defined to be the closure

of the cone generated by k-cycles with nonnegative coefficients. Similarly ﬁk(m = N*(X)
is defined to be the closure of the cone generated by cycles of codimension k with nonnegative
coefficients.

The cones Effy(X), and ﬁk(X) are full dimensional, spanning the vector spaces
Ni(X), and N*(X). They are pointed (containing no lines), closed, and convex.

Definition 1.4.5. The Nef Cone Nef*(X) = N*(X) is the cone dual to Effy(X).

As the dual of Eff,(X), the nef cone has all of the nice properties that Eff,(X) does.

The nef cone can also be defined as the closure of the cone generated by semi-ample
divisors — divisors that correspond to morphisms, and

f:X — Y isaregular map, then f*(Nef(Y)) < Nef'(X).

Given a projective variety Y, and a morphism f : X — Y < PV, then for any
ample divisor A = O(1)|y on Y, one has the pullback divisor D = f*A on X is base
point free. In fact, this divisor D is not only base point free, it has the much weaker
property that it is nef. For if C is a curve on our projective variety X, then by the
projection formula

D-C=f.(D-C)=A-fC,
which is zero if the map f contracts C, and otherwise, as A is ample, it is positive.

It is not true that every nef divisor on an arbitrary proper variety X has an associated
morphism; To have such a property would be very special (a dream situation). But
as we saw above, the divisors that give rise to maps do live in the nef cone, and for
that reason the nef cone can be used a tool to understand the birational geometry of
the space.

Definition 1.4.6. For a Q-Cartier divisor D on a proper variety X, we define the stable base
locus of D to be the union (with reduced structure) of all points in X which are in the base
locus of the linear series |nmD), for all n, where m is the smallest integer > 1 such that mD
is Cartier.

Sufficiently high and divisible multiples of any effective divisor D on X will define
a rational map (although not necessarily a morphism) from X to a projective variety
Y. The stable base locus of D is the locus where the associated rational map will not
be defined. The pseudo-effective cone may be divided into chambers having to do
with the stable base loci ELM1, ELM?2.

A simple example illustrates how even very crude information about the location of
the cone of nef divisors with respect to the effective cone tells us valuable information
about the geometry of the variety X, as we see for M,.

14



Figure 1.2: Nef'(M;) < ﬁl(ﬁg,)
with generators A, 124 — §), and
10A — 69 — 26;.

1.4.1 An example result about nef cones for Mg

Theorem 1.4.7. Every nef divisor on Mg is big. In particular, there are no morphisms, with
connected fibers from Mg to any lower dimensional projective varieties other than a point.

Theorem 1.4.7 says that the nef cone of Mg sits properly inside of the cone of effective
divisors—and their extremal faces only touch at the origin of the Ner6n Severi space.

The statement for pointed curves is a little bit more complicated, but still very simple
in the grand scheme of things:

Theorem 1.4.8. For g > 2, any nef divisor is either big or is numerically equivalent to the
pullback of a big divisor by composition of projection morphisms. In particular, for g > 2,
the only morphisms with connected fibers from Mg,n to lower dimensional projective varieties
are compositions of projections given by dropping points, followed by birational maps.

In all the examples we know, like in the picture, the nef cones are polyhedral, and the
extremal rays are generated by semi-ample divisors. One can therefore ask whether
these two features hold in general:

Question 1.4.9. 1. Is Nef(M,,) polyhedral?

2. Is every nef divisor on M, semi-ample?

15



1.5 Reduction of a problem for g > 0to g =0

In Mg,n, the locus

5 (M,,) = {(C,7) € M, : C has at least k nodes }

has codimension k. For each k, the set 6*(M, ) decomposes into irreducible compo-
nent indexed by dual graphs I" with k edges. Moreover, the closure of the component
corresponding to I' contains components consisting of curves whose corresponding
dual graph I" contracts to I'. This gives rise to a stratification of the space which is
both reminiscent and analogous to the combinatorial structure determined by the
torus invariant loci of a toric variety.

On a complete toric variety, every effective cycle of dimension k can be expressed as
a linear combination of torus invariant cycles of dimension k. Fulton compared the
action of the symmetric group S, on MO,n with the action of an algebraic torus a toric
variety. Following this analogy, he asked whether a variety of dimension k could be
expressed as an effective combination of boundary cycles of that dimension. As M,
is rational, of dimension n — 3, this is true for points and cycles of codimension n — 3.
For the statement to be true for divisors, it would say that every effective divisor
would be in the cone spanned by the boundary divisors. This was proved false by
Keel [GKMO02, page 4] and Vermeire, who found effective divisors not in the convex
hull of the boundary divisors. For the statement to be true for curves, it would say
that the Mori cone of curves is spanned by irreducible components of 5" *(M,,):
whose dual graph is distinctive: the only vertex that isn’t trivalent has valency four.
In particular this says a divisor is nef if and only if it nonnegatively intersects those
curves that can be described as images of attaching or clutching maps from My .

This question could be asked for higher genus, and Faber did this independently (as
an intermezzo in his thesis), proving the statement for M3 and M,.

In honor of Faber and Fulton, the numerical equivalence classes of the irreducible

components of $*3~*+"(M, ,,) are called F-Curves. One can ask the following question:

Question 1.5.1. (The F-Conjecture [GKMO02]) Is every effective curve numerically equiva-
lent to an effective combination of F-Curves? Otherwise said, is a divisor is nef, if and only
if it nonnegatively intersects all the F-Curves?

In [GKMO02], using the flag map (see Definition 1.5.1) we showed that in fact a
positive solution to this question for S,-invariant nef divisors on My ¢, would give

a positive answer for divisors on Mg,n. In particular, there is the potential that the
cone of nef divisors on My ., can tell us about the cone of nef divisors on M, ,. We

know now that the answer to this question is true on Mo,n for n < 7 KeelMcKernan,
and on M, for ¢ < 24 [Gib09].
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1.5.1 The flag map

The flag map is defined as follows. Fix a point (E, q) € M and define the morphism
f: MO,ngn — Mg,n, which takes a stable g +n-pointed rational curve (C; {q1,...,q¢} U
{p1,...,pn}) to astable n-pointed curve of genus g by attaching g copies of (E,p) to C
by gluing C and E by identifying g and g; for 1 < i < g. In [GKMO02], we showed that
an F-divisor D on Mg,n is nef if and only if f*D is nef. An F-divisor is, by definition,
any divisor that nonnegatively intersects all the F-curves. Moreover, by [GKMO02],
every Sg-symmetric nef divisors on MO,gM is equal to the pullback of a nef divisor

on Mg ..

1.6 Why vector bundles of conformal blocks?

Vector bundles of covacua for affine Lie algebras give rise to elements of the cone of
nef divisors: each bundle on My, is globally generated, and so has base point free
first Chern class (ie. is of the form f*A for some morphism f : My, — Y where Y
is a projective variety, and A is an ample line bundle on it). There are a lot of these
bundles: They generate a full dimensional sub-cone of the nef cone.

The F-Conjecture, if true, would give a positive answer to Question 1.4.9 Part (1).
Therefore, Question 1.4.9 and the F-Conjecture motivates our interest in vector bun-
dles of conformal blocks. If every nef divisor on Mo,n is a conformal blocks divisor,
then the answer to Question 1.4.9 Part (2) will hold for ¢ = 0. If this is true and
the cone generated by conformal blocks is polyhedral, then the answer to Question
1.4.9 Part (2) is true and we have more evidence for the F-Conjecture. If If this is true
and the cone generated by conformal blocks is not polyhedral, then both the answer
posed by Question 1.4.9 Part (2) and the F-Conjecture are false.

Of course it may be that the nef cone is not generated by these bundles, and there is
something more to the story.

There are a lot of questions, and in trying to answer just a few, we’ve learned new
things about vector spaces of conformal blocks and the moduli space of curves, some
of which I hope to share this week.
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Lecture 2

VBs of CBs on Mg,n

My goals in this lecture are to:

1. Define vector bundles of covacua and conformal blocks on M, ,,; and
2. Discuss two important theorems

— Factorization; and

— Propagation of Vacua
used in the definition, and important in almost every result obtained about the
bundles, as I'll illustrate throughout the remaining lectures.

If there is time, I'd like to say something about computing the ranks of these bundles.
Vector bundles of conformal blocks V(g, X, {) on ﬂg,n are determined by collections
of data including;:

- asimple Lie algebra g;

— a positive integer {; and

— an n-tuple A= (A1, ..., Ay) of dominant integral weights for g at level ¢;
For the bundles to have nontrivial rank, the triples should satisty a compatibility
criterion, which will be described.

In my lecture I assumed that members of the audience would look up the meaning
of these terms from representation theory if they were unfamiliar. There are many
other better references (for instance [FH91]), but for convenience, I have included
basic definitions here in these notes. After defining these terms in Section 2.1, I will
describe these bundles in Section 2.2.

18



2.1 Just enough representation theory

We begin by describing the ingredients that go into the definitions of the bundles.

2.1.1 Simple Lie algebras

Throughout, we fix a field k, which will be useful to assume later is algebraically
closed, and of characteristic 0.

Definition 2.1.1. A Lie algebra is a k-vector space g together with an binary operation
called the Lie bracket
axg—9, (AB)—[AB]

which satisfies the following three conditions
1. bilinearity: [A+ B,C] =[A,C]+ [B,C] and [A,B+C]=[A,B]+[AC|;
2. anti-symmetry: [A,A] = 0; or equivalently if char(k) # 2, [A,B] = —[B, A]; and
3. the Jacobi identity: [A,[B,C]] — [[A, B],C] = [B, [A,C]].

Example 2.1.2. Let V be a k-vector space of dimension n. We let gI(V) be the general
linear Lie algebra, consisting of the set of linear transformations V. — V, and Lie bracket
given by the commutator [p,0] = po O — 0o ¢.

In particular, as is conventional, we denote gl(k") by gl,,, taking elements to be n x n matrices
over k, and the Lie bracket to be the commutator:

[A,B] = AB — BA.
Clearly this is bilinear and anti-symmetric. One may also verify that the Jacobi identity:

= (A(BC — CB) — (BC — CB)A) — ((AB — BA)C — C(AB — BA))
= ABC — ACB — BCA + CBA + ABC + BAC + CAB — CBA
= BAC + CAB — ACB — BCA = [B, |A, C]].
Definition 2.1.3. A Lie algebra g is Abelian if [A, B] = O for every A, B € g.

Definition 2.1.4. A Lie algebra is simple if it is not Abelian, and has no nonzero proper
ideals.
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2.1.2 Dominant integral weights for g

To define dominant integral weights for g we start with representations of g.

Definition 2.1.5. A homomorphism of Lie algebras is a linear map of vector spaces
f 191 — o preserving the bracket:

fUIA, Bly,) = [f(A), f(B)]g,, ¥ A,B € g

Definition 2.1.6. Let V be a vector space, and g a Lie algebra. A representation of g on
V is a Lie algebra homomorphism ¢ — gl(V'). Equivalently, a representation of gon V is a
rule g x V. — V,say (A,v) — A - v such that

[A,B] -v=A-(B-v)—B-(A-0).

Remark 2.1.7. If ¢ — gl(V) is a representation of g on V, we often abuse language and
simply refer to V itself as a representation (omitting the homomorphism from the notation).

Definition 2.1.8. If g is a Lie algebra, then it acts on itself via
axg—g, (A B)—A-B=][A,B].
This gives the homomorphism of Lie algebras
ady : g — gl(g), A —ady(A),
where ady(A) is the linear transformation on defined by
ady(A)(B) = [A, B].
This very important representation is referred to as the adjoint representation.

Definition 2.1.9. We say that a representation of gon V is irreducible if it has no nontrivial
proper sub-representations. That is, if there is no non-trivial and proper vector subspace
W < V and representation ¢ — gl(W), making the natural induced diagram:

g — gl(W) = gl(V),
commute.

Definition 2.1.10. A linear subspace g1 < g, is a Lie subalgebra if g; is closed under the
Lie bracket of g,:
[A,Blg, €061, VA, Beqg;.
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If g — gI(W) is a sub-representation of V, then gl(W) < gl(V) is a Lie subalgebra.

Example 2.1.11. Let sl(V) (resp. sl,) denote the Lie subalgebra of gl(V') (resp. gl,,) called
the special linear Lie algebra consisting of those operators on V of trace O (ie. those
matrices whose trace is 0).

Definition 2.1.12. A Cartan subalgebra of a Lie algebra g is an Abelian Lie subalgebra
b < g which is maximal with respect to the property of being Abelian.

Exercise 2.1.13. Let b) < sl,, be the diagonal matricies. Show b is a Cartan subalgebra.

Definition 2.1.14. Let g be a Lie algebra and V be a representation for g. Suppose thath < g
is a Cartan subalgebra. We describe the weights and roots for g — gI(V) as follows:

1. By an eigenvalue for the action of b, we will mean an element o € h)* such that
H(v) = a(H) - v, for some nonzero v € V, and all H € §). An eigenvalue o € b* of the
action of Y on the representation V of g is called a weight of the representation. The
weights a € h* that occur in the adjoint representation are called roots. The convention
is that 0 € b* is not considered a root.

2. By the eigenspace V, associated to the eigenvalue o we mean the subspace of all vectors
v € V such that H(v) = a(H) - v. The corresponding eigenvectors in V, are called
weight vectors and V, is called the weight space. The eigenspaces g, corresponding
to the roots are called root spaces.

Definition 2.1.15. We define the weights and roots for g as follows.

1. The weights for g are the weights for all representations g — gl(V).
2. We denote the set of all roots by R < b*.

Definition 2.1.16. One can define a highest weight as follows:

— We choose a direction in b* which means defining a linear functional f : Y* — C. This
gives a decomposition of the set

R = R" UR™, where

R* ={aeR: f(a) > 0}, called the positive roots, and
R~ ={aeR: f(a) <0}, called the negative roots.
— We say that a positive (resp., negative) root a € R is primitive or simple if it cannot be

expressed as a sum of two positive (resp. negative) roots.
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— A nonzero vector v € V which is both an eigenvector for the action of Y) and in the kernel
of 8, for all « € R* is called a highest weight vector.

Remark 2.1.17. In Definition 2.1.24 we will describe the Killing form. After that we will be
able to define a semisimple Lie algebra over a field of characteristic zero as one whose Killing
form is nondegenerate. The following can be shown to be equivalent for a finite-dimensional
Lie algebra g over a field of characteristic O:

1. g is semisimple;

2. gis a finite direct product of simple Lie algebras.
In particular, if g is a finite dimensional simple Lie algebra defined over a field of characteristic

0, then g is semisimple. While not necessary for our application, the next statement holds
for the broader context of semisimple Lie algebras.

Proposition 2.1.18. [FH91, 14.13] For any semisimple complex Lie algebra g,

1. every finite dimensional representation V of g has a highest weight vector;

2. an irreducible representation has a unique highest weight vector up to scalars.

Definition 2.1.19. A dominant integral weight is an element o € b* such that H(v) =
a(H)-v, forall H € V), where v € V is the highest weight vector of an irreducible representation

V of b.

Definition 2.1.20. [FH91, Section 14.2] R generates a lattice Ax < b*, called the root
lattice, of rank equal to dim(b). The free generators for the lattice are called fundamental
dominant weights.

Remark 2.1.21. Depending on the author, weights are sometimes called integral weights;
dominant integral weights are sometimes referred to as dominant weights.

Definition 2.1.22. A character of a Lie algebra g is a linear map ¢ — k. That is, since
k = gli, a character of a Lie algebra g is a 1-dimensional representation of g.

Example 2.1.23. Let g = sl,. We first set

Then
ady(A) : sl —> sl,, B— AB — BA,
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so that in particular

x oy bz —yc 2(ay — bx)
i) ( z —x ) : ( 2(ex —az) —(bz - ye) ) |

The Cartan subalgebra V) is the set of diagonal matrices in g = sl,. Consider

so that

ady(A) : sl — sk, <x y>H2a< 0 y).
‘ z —X -z 0

We shall see that ad,(A) is a direct sum of three characters of b*. Namely, one can decompose
sly as a direct sum of three one-dimensional vector spaces sl, =~ V1 @ V, @ V3, where

V1={<g _2>:xek}; Vz={<8 g)iyEk};

V3—{<2 8) :z € k}.

The sub-vector spaces V; < sl are sub-representations of the adjoint representation of b on

sl, defined by
v (5 5) (5 2= (50)
v (5 0 (5 a) = (08);
o (5 ) (20 )= (20)

The second and third characters ay = 2a and oy = —2a, which are the nonzero representa-

and

tions, are the two roots on sl. The root oy is a simple root. In general, one has v simple roots
of sly41.
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2.1.3 Dominant integral weights for g at level ¢

In order to define the level of a weight, we next define the Killing form ( | ), and the
normalized Killing form (, ), which both come from an inner product < | > on g.

Definition 2.1.24. Let g be a Lie algebra and Yy a Cartan subalgebra. Recall that for A € g,
one has the adjoint representation

ady(A) : g — g, C ady(A)(C) = [A,C].

In particular, a choice of basis for g gives a representation of this linear transformation ady(A)
by a square matrix of dim(g). We define an inner product < | > on g by setting, for A and
Beg,

< A | B >= trace(ady(A) - ady(B)).

One can then define a natural morphism from b to b* by setting
Y :bh—bh* =Hom(h,k), A—{B—<A|B>}

One can check that this is an isomorphism and that this induces an inner product on h*:

(fl8) =<y~ (f) [ Y7 (8) >= trace(ady (™" (f)) - ady(¥™(8)))-
This natural inner product ( | ) is referred to as the Killing form.

Remark 2.1.25. One can prove that there is a unique positive root © € R with the property
that (6|0) = (a|a) for any other root e € R*. This root theta is called the longest root. It
is conventional to normalize the Killing form, writing (, ), so that (6,0) = 2.

Definition 2.1.26. The level of any weight « is equal to the value (a, 0), where O is the
longest root, and ( , ) is the normalized Killing form.

Remark 2.1.27. The level of a dominant integral weight « is an integer.

2.2 Definition of the fibers of the bundles

Let g be a simple Lie algebra, and A= (A1, ..., Ay) be n dominant integral weights for
g at level ¢. To begin, we describe a fiber of V(g, X, {) on Mg,n ata point (C,p) € Mg,n,
such that U = C\{py, ..., px} is affine.
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This always happens for example in case C is a smooth curve of genus g with at
least one marked point (ie. when n > 1), but can also happen if there is at least one
marked point on each component of a stable curve C with singularities.

Incase U = C\{py,...,px} is not affine, we will add a marked point on every compo-
nent together with a zero weight for every added point, and then use the Propagation
of vacua theorem to finish the construction.

So for now we assume that U = C\{py, ..., px} is affine.

We first consider a finite dimensional situation:

As explained earlier in the lecture, to each such weight A; there corresponds a unique
finite dimensional g-module V..

SetVy; =V, ®---®V),,, and define an action
gxVy—=Vz, (§01®---0,) HZvl®-~~vi_1®(g-vz-)®vi+1®~--vn-
i=1

We write [Vy], for the space of coinvariants of V;: The largest quotient of V; on
which g acts trivially. That is, the quotient of V; by the subspace spanned by the
vectors X -v where X € gand v € V5.

The fibers V(g, 1,¢ )|(c;» are also vector spaces of coinvariants, analogous to [Vy],,
only they have something to do with the point (C,p) € Mg,n, as we next explain.

Infinite dimensional analogues:

Given a smooth n-pointed curve (C,p), to construct the fiber V(g, 1, O)|(cp we will
use two new Lie algebras:

First Lie algebra: For eachi € {1,...,n} we set §; = g® C((&;)) @ C - ¢, where by

C((&i)), we mean the field of Laurant power series over C in the variable &;, and c is
in the center of §;. To define the bracket, we note that elements in §; are tuples (a;, ac),
witha; = )] j Xij ®fij, with fi; € C((&;)). We define the bracket on simple tensors:

[(X®f,ac), Y® g, pc)] = (X, Y] ® f&,c(X,Y) - Resgo(8(&:)df (Ei)))-

Checking §;is a Lie algebra done in Section 2.1, where we also outline the construction
of the infinite dimensional analogue H,, of V,: It turns out that H,, is a unique §;-
module, although infinite dimensional.
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Second Lie algebra:

Let U = C\{py,...,pn}. Because C is smooth, and has at least one marked point, U
is affine. By g(U) we mean the Lie algebra g ® Oc(U).

Choose a local coordinate &; at each point p;, and denote by f,, the Laurant expansion
of any element f € Oc(U). Then for each i, we get a ring homomorphism

Oc(U) — C((&)), f = fu

and hence for each i, we obtain a map (this is not a Lie algebra embedding)
g(U) — & XQf — (X®f,0).

SetHy; = H), ® - - - H), and define the following, which we will show is an action:
(2.2)

Q(U) XHX — HX (X@f,wl® . .wn) — Zwl® . 'wi71®((x®fpi)'wi)®wi+l®' W,
i=1

Claim 2.2.1. Equation 2.2 defines an action of g(U) on Hj.

Proof. Given X® f,and Y ® g € g(U), and a simple tensor v = v; ® - - - ® v, € Hy, we
want to check that

XQfYRE-v=(X®f) (Y®g) - 0) - (Y®Q) (X®f)-0).
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The right hand side simplifies as follows:

23) X®f)-(Y®g) v)-(Y®g (X®f)- v)

— (X®f)- Zm@ BB (YO,) U@ @ ©0,)

) (
(Y®g)- (Zw@ ®U1B(X® L) 000 ® @)
®

=( Z M@V (X®fp,)-vj®vj+1®---®vi_1®(Y®gpi)-vi®vi+1®-~®vn>

1<i<sn

1<j<n
(Y 0o 01088, 1®me BB (XOf,) BB O ®0,)
1<72n
= ( Z vl®---vj_1®---®vi_1®(X®fpi)-((Y®gp,-)-vi)®vi+1®---®vn>
1<i<n

(Yoo 08 ®ua0Yeg) (X8f) v)®u1e: @)

1<i<sn
= ( D o® 0@ @010 ([X Y]+ (f9)) -vi®vi+1®---®vn>
1<isn

The left hand side simplifies as follows:

(24)
Z 01 QU1 ® ([X, Y] ® fp8p + (X, Y) Resg,—o gpidfp,'c) ViV Q- Uy

1<ign

- Y e 8018 (XY]®f8) 1810 80,

1<i<n
+ ) U RU® ((X, Y) Resg,—o gp,-dfpi6> Vi QUi ® - @ Uy
1<isn
Now, by definition, c - v; = ¢ - v; for all i, and so we can rewrite the second summand

as follows

(2.5) Z 0 ® - @01 ®((X,Y)Resg—0 8yl fp€) - vi®0i1 ® -~ Q0y

1<isn

= > (X, Y)Resg_0gydfy, (v1®---®vi_1®0-vi®vi+1®-~®vn>

1<isn

= Z (X,Y)Rese,—o gp,dfy, <v1®-~-®v,~_1 ®€.vi®v,~+1®~-®vn)

1<i<n

= (£ Y] (X, Y)Resc—0 g, dfy,) (Ul®"'®”">'

1<i<n
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Since D 1., (X, Y) Resg,— gy dfy = 0, this contribution is zero. Therefore the left and
right hand sides of the expressions are the same, and we have checked that g(U) acts
on Hy as claimed. m|

We now set R
V(g A 0)|cp = [Hylsw)-

To define the fiber in case the set U is not affine: We use use a result called
“Propagation of Vacua”, described in Section 2.4.

If C is a stable curve with singularities: The “Factorization Theorem”, described
in the lecture, and in Section 2.3, gives a way to view fibers at points where curves
have singularities.

Propagation of Vacua and Factorization are fundamental results.

Propagation of vacua and Beauville’s quotient construction are both consequences
of Theorem 2.6.1. Propagation of Vacua enables one to express a bundle with a
zero weight on Mg,n as the pullback of a bundle from Mg,n_l. Beauville’s quotient
construction gives an alternative expression for vector spaces of covacua in genus
zero.

The Factorization Theorem, originally proved by Tsuyshiya, Ueno and Yamada
[TUY89, Prop 2.2.6], explains how a vector bundle of conformal blocks at a point
on the moduli space where the underlying curve has a node, factors into sums and
products of bundles on the normalization of the curve where the sum is taken over
all possible weights at points over which the normalization is “glued” to make the
original curve. Applications of Factorization include inductive formulas for the rank
and Chern classes of the bundle. In fact, Beauville, in [Bea96] gives an elementary
proof of Factorization using this quotient construction.

2.3 Factorization

Definition 2.3.1. Given a weight u € P(g), let u* € P¢(g) be the element with the property
that —u* is the lowest weight of the weight space V,,.

Example 2.3.2. If u € Py(sly), then u* = p.

Example 2.3.3. For g = sl we express a weight A; as a sum A; = Z;=1 cjwj, and A; has
a corresponding Young diagram that fits into an (r + 1) x € sized grid, where since A; is
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normalized, the last row is empty. In terms of Young diagrams, the level is the number of
“filled in” boxes across the top, and |A;| means the total number of boxes “filled in” altogether.
To find the Young diagram corresponding to A* we fill in the boxes in the diagram directly
below the boxes corresponding to A, and then rotate by 180 degrees to get the Young diagram
associated to the weight A*. For example, if r + 1 = 4, and € > 5 for the weight A pictured
in white on the left below, then the dual weight A* is pictured in green on the right.

Figure 2.1

A =3w1 + wy + w3

for sly, A = w1 + wy + 3ws.

and level £(1) = 5.

Theorem 2.3.4 (Factorization). Let (Co; p1,...,pn) be a stable n-pointed curve of genus g
where Cy has a node x.

1. If x, is a non-separating node, v : C — Cy the normalization of Cy at xo, and v=1(xp) =

{xl, xz}, then

V(g/ A/ €)|(C0;ﬁ) = @ V(Q/A vV [J*}/ f)(C;ﬁu{xl,xz})'
pePe(9)

2. If xo is a separating node, v : C; U C; — Cy the normalization of Cy at xo and
v(xg) = {x1,x2}, with x; € C;, then

2.6) V(3, X))

~ @ V(g AMC)u{ph O)licipecriomy ® V(8 AC2) U{u™}, Ol cotpecsyotx))
pePe(g)

where A(C;) = {Aj|pj € Ci}.

Definition 2.3.5. The weights u and pu* € P(g) that occur in Theorem 2.3.4 are called the
restriction data for V(g, 1, {) at the point (Co; p).

Example 2.3.6. [BGM13] Wewill factorize the bundle V(sl, 1, {w1, w1, ((—1)w1+w,, fw,}, €)
on M4 at the two types of points (C;p1, ..., ps), where the curve C has one node: the first
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type X1 = (C11 U Cig; 1, - . ., pa) where Cyy is labeled by py and p, and Cy, by ps and ps; and
the second type of curve X, = (Co1 U Cx;p1, - .., pa) where Cyy is labeled by p, and ps and
Cop by p3 and p,.

1. Ifr+1 =2 thisis V(slp, {w1, w1, lws, Lawr}, €), and we obtain:

V(512, {CU1, w1, tws, &Ur}, 5) ’xl
= @ V(sIZI {a)ll C()], mwl }I 5) |(C11,p1,p2,x1) ® V(SIZI {gwll fa)}’l mwl }/ f) ‘ (Clz,ps,p4,XQ)'

m=0
even

As we’ll see later, the only term in the sum above that gives bundles of nonzero rank
occurs when m = 0, and that both bundles have rank one.

V(SIZ, {wll w1, 5(1)1, fa)?’}/ f) |X2
D V(sh, {1, lwr, man}, O)cupmpma @V (sl {w1, bwor, mar}, Ol popi)-

m=0

m+¢=1(mod 2)

lle

Aguain, we’ll see that the only term above that gives two bundles of nonzero rank occurs
when m = (€ — 1), and has rank one in this case.

2. Ifr+1 =3thisis V(slz, {w1, w1, (€ — 1)w1 + w2, L}, £), and we obtain, for

V(Slg, {(U1,(1)1, (f — 1)(1)1 + woy, fa)1},f)|xl
= @ V(SI?)/ {a)ll w1, ‘Ll}, 5) |(C11,p1,p2,x1)®v(513/ {fa)l, fa)r, [J*}' 5) | (C12,p3,p4,%2)

p=cjwq +L‘2 wy
c1+2c=1(mod 3)
We'll later see that the only summand on the right hand side with nonzero rank is the

one with u = wy (soc; =1, and ¢; = 0).

(27) V(Slg, {6()1,6()1, (f — 1)6()1 + Wy, fa)l}, 5)‘){2

= D Vb, {wr, wr, 1}, )l caprpmn @V (8, {1, Caz, p*}, Ol Capapi)-
Lot tatse (mod3)

We'll later see that the only summand on the right hand side with nonzero rank is the

one with u = (£ — 1w, (soc; = 0, and c; = (£ —1)).

3. In general:
V(SIH-l/ {wll w1, (f - 1)0)1 + wy, fa)?’}/ 5) |X1
= D Vsl {wr, @1, 1}, Olcpipnm) @V (sl { (=D wr @y, Loy, 7, ).

}122;’:1 cjw;
Yioqi-ci+2=0(mod(r+1))
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Moreover, one can show that the only summand on the right hand side with nonzero
rank is the one with y = w,_1.

V(sli1, {1, 01, (€ — 1)1 + @y, Cwr}, €)|x,
= C—D V(SIT+1/ {a)ll (5_1)6‘)1 +a)7’/ ‘u}/ 5) ‘(Cz],pl,p3,x1)®v(5li’+ll {a)ll ga)rl M*I 5) ‘ (sz,pz,p4,3€2)/
I

where we sum over the set

I={u=> cwePesl1): > i~ci+€+r=0mod(r+1))}

i=1 i=1
We will eventually show that the only summand on the right hand side with nonzero
rank is the one with p = (€ — 1)w, and u* = (€ — 1)w;. We'll see that:

I'kV(%I,url, {C()l, (f—l)a)l +wy, (5—1)0),‘},{) = I'kV(SIr+1, {a)l,{’a)r, (5—1)0)1,5) = 1.

Remark 2.3.7. This example exhibits the potential for the use of factorization to compute
ranks, which is the idea behind the proof of the Verlinde formula. The comments made also
indicate that there is a lot of vanishing happening — which is a foreshadowing of one of the
open problems in the subject: that is to determine given g and € necessary and sufficient
conditions which will guarantee that the first Chern class of the bundle V (g, X, {) is not zero.
One indication is that it’s rank is nonzero, which is actually enough for sl,, but this is not
in general. For example, while the rank of V(sly, {w1, 201 + w3, 2w + w3, 2w1 + w3}, 3) is
one, the first Chern class of this bundle is zero [BGM15a]. We'll discuss this problem.

2.4 Propagation of Vacua

Propagation of Vacua is a Corollary of Theorem 2.6.1, proved in Section 2.6.

Corollary 2.4.1. [Propagation of Vacua] Let q € C\p. There is a canonical isomorphism
V(g, A, €)|(C,ﬁ) = V(g,/\ ) {O}, €)|(C,ﬁu{q})'

Proof. (of Corollary2.4.1) Apply Theorem 2.6.1with{qy,...,q:} = {q},and {u1, ..., u:} =
{u = 0}, using that V, = 0.
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2.5 Brief sketch of construction of the sheaf of confor-
mal blocks

Suppose that k is an algebraically closed field of characteristic 0. Given a triple
(g, X, ) as above, for each i € {1,...,n}, let

5= (a®k((&) @ k-c,

be the affine Lie algebra with bracket

[X®f(&), Y®g(&i)] = [X, Y] ® f(&i)g(&) + (X, Y) - Res(g(Ei)df (&) -,

where X, Y € g, and c is in the center of §;.

As before, for each A;, there is a unique §;-module H,,. Set H; = &, H,, and let
T be a smooth variety over a field k, and 7w : C — T a proper flat family of curves
whose fibers have at worst ordinary double point singularities. For 1 < i < n, let
pi : T — C be sections of m whose images are disjoint and contained in the smooth
locus of 7.

First, suppose that T = Spec(A) for A a k-algebra, and assume for each i, there are
isomorphisms 7); : (A)C,pi(T) — A[[&]]. Set B = I'(C\ U, pi(T)). Then using the 7;,
there are maps B — A((&;)). One has that g ® B maps to §; ® A, for each i, and
moreover Hy ®j A is a representation of g ® B via restriction and acting diagonally
(as before). Define the sections of the sheaf of coinvariants VC(X,;?) over T to be
the quotient VC(X, p) = Hy®x A /(6 @ B) - Hy & A. If T is not affine, then to define
VC(X, p), one takes an open affine covering and extends by the sheaf property.
Furthermore, in this description, the open set C\ U, pi(T) has been implicitly as-
sumed to be affine. But this premise can be removed using a descent argument: See
[Fak12, Prop 2.1], and the discussion following.

2.6 Appendix: Beauville’s quotient construction

I mentioned Beauville’s quotient construction a couple of times, and so I've included
this sketch. The notes here closely follow [TUY89, Prop 2.2.6], [Bea96, Prop 2.3, Cor
2.4], and [BGM13]. We first state a general result, Theorem 2.6.1, which refers to the
following, mentioned earlier in the notes, slightly differently.
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Notation

Let C be a possibly nodal curve, p1, p2, ..., ps € C be s smooth points of C, U =
C\{p1,.-..,ps} and let &; be a local parameter of C near p;. Then for §(U) = g ® Oc(U),
one can show the following is an embedding of Lie algebras:

S

@(U) - ® (g®k((él))> ke = 8s/ (X®f) = (X®fP1 (51)1" "X®fpn(gn)’0)'

i=1
Given weights A, ..., A; € P¢(g), we have the (g ® k((&;)) @ kc)-modules H,,. The
image of §(U) actson Hy = H), ®--- @ H,:

§(U) xHy - H;, (X®f), (01®-- - Qws)) — Zw1®- Wi @ (X®f,) wi®- - @ws.
i=1

Now given any weight u € $(g), recall that the subspace of H,, annihilated by §,
is isomorphic as a g-module to V,,, and so V, is identified with this subspace of H,,.
Given t points g, ..., g+ € U, and weights, ui, po, ..., t: € P¢(a) one can define an
action of §(U) on Vz =V, ®---®V,, by evaluation:

3(U) x Vg — Vg, (XEf), (0:8---®w)) = Y. 01®- - ®0; 1 (X®F(q))) -0 ®- - -®.
j=1

Theorem 2.6.1. With notation as above, the inclusions VW s Hyj induce an isomorphism

[H; ®Vialsw = [Hy ®@Halsug = Vg, A U T, )| cpup-

2.6.1 The construction

Corollary 2.6.2. Let g € C\p. There is a canonical isomorphism
V(g A, Olcp = [Ho® Vilscg)-

Proof. (of Corollary 2.6.2) By Corollary 2.4.1 (to Theorem 2.6.1), and the definition of
vector spaces of covacua:

V(g A, Ol = V(g {0} v A, O)icigrom = [Ho ® Hzloc\igyop-
Now also by Theorem 2.6.1,

[Ho @ Hlgcvigrop = [Ho ® Vilacia-

O

We briefly outline the proof of Theorem 2.6.1 in three steps. The full proof is given
in [Bea96, pages 7-8].
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The proof of Theorem 2.6.1

Proof. (of Theorem 2.6.1) We work by induction: Put g = q;, u = i, U = C\j, and
H =H;®V,, ---®V,_,. It will be enough to show that the inclusion V, — H,
induces an isomorphism

[H®V,u]su = [H&Hulgung)-

Step One.

Show that the inclusion of V, < H,, is equivariant with respect to the action of g(U)
so that it induces a linear map

[H® V.U]Q(U) - [H® H#]Q(U\v/)-

Step Two.

Prove the result when we replace H, by the Verma module M,:

Claim 2.6.3.
[H® Vulow = [HMulgung)-

Proof. (Outline) Choose a local coordinate z at g so that z~! € Oc(U\g), and write

a(U\g) =3®0c(U\g) =a® (> kz™") =g@O0c(U) @ ( Y, 0z7") = g(U) ®F-,

n=1 n=1
where we identify the Lie algebra }; _, gz~" with its image §_ in §. So one wants to
show
[H @ Vilsw) = [H @Myulywes- -
We first show that
[HOM,];. = H®V;.
After doing so, taking coinvariants under g will give the result.

By definition, [H ® M, ];_ is the same as the tensor product H ®y;_) M. Now by
definition of M,,,

H QRu(s-) MH ~ H QRu(s-) U(@_) (% V}T >~ H @ Vx.
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Step Three.
For I, such that H, = M,, /I, one has the exact sequence:

H I — [HOMulyug — [H @ Hylswng) — 0-
Claim 2.6.4. The image of H ® I, in [H @ M, ]qwg) is zero.

Proof. (Outline) Using that by definition, [H®M, |4y is the same as H @ g1 g)) My,
and that as a U(§)-module, I, is generated by the element

(XG ® Zfl>£’f(6,y)+1 ® 0y,

where v, is the highest weight vector associated to u and this vector is annihilated
by d., It is enough to show that 1 ® (Xg ®z ) O *1.9,) = 0 forall h € H. This is
done in [Bea96].
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Lecture 3

Geometric interpretations of
conformal blocks

3.1 Introduction

In the this lecture I will discuss algebro-geometric descriptions of the dual spaces
to the fibers of the bundles V(g, 1,¢ ) at points (C,p) € Mg,n. We'll consider what we
know when we take our points from the interior of the moduli space, when C is
a smooth curve, as well as what we know about such interpretations when C has
singularities, an open problem since the early 1990’s.

I have selected this topic as it illustrates a theme that I would like to put forward:
We have been able to learn about vector spaces of conformal blocks by studying the
vector bundles they form on the moduli space, rather than as vector space alone.

As I'll explain today, there are points on Mg,n for which no such geometric interpre-
tation for V(g, A, ¢) (cpp exists, whereas there are other points at which everything
works out as it does for smooth curves. One way to approach a solution is to under-
stand finite generation of the algebra of conformal blocks, which I will introduce.
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3.2 Finite generation of the section ring of the determi-

nant bundle

For G be a simple, simply connected, complex linear algebraic group, C a stable
curve of arithmetic genus ¢ > 2, Bung(C) is the smooth algebraic stack whose fiber
over a scheme T is the groupoid of principal G-bundles on C x T (Def 3.7.1). For
completion, principal G- Bundles are defined carefully at the end of the lecture. To
any representation G — GL(V), there corresponds a distinguished line bundle on
Bung(C), the determinant of cohomology line bundle D = D(V), described next.

To define D(V), we use the following:

Definition 3.2.1. For any vector bundle & on a curve C, the determinant of cohomology of
& on C is the one dimensional vector space given by

(3.1) D(CE) = (AH (CE)) ® (A~ H! (C.E)).

Following [LS97], we define the determinant of cohomology line bundle as follows.

Definition 3.2.2. Let p : G — GI(V) be a representation of G. If E is a family of G-
bundles on C parameterized by a scheme T, then given a point t € T, one has that E; is
a G-bundle on C, and one can form a vector bundle E;(V') on C by taking the contracted
product E(V) = E; xg V. The determinant of cohomology line bundle Dg(V) is the line
bundle on T whose fiber over a point t € T is the line D(C, E(V)), described in Def 3.2.1.

Theorem 3.2.3. For G = SL(r), for the standard representation SL(r) — GI(V), setting
D =D(V),
A(.: = 6—) HO(BUI’ISL(,,)(C),Z)®m)

YI’IEZ>0

is finitely generated.

Theorem 3.2.3 was proved in case of smooth curves in [BL94], and [Fal94], and for
stable curves with singularities in [BG16].

3.3 Geometric interpretations at smooth curves

To understand just what Theorem 3.2.3 has to do with conformal blocks, we consider
the following results.
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Theorem 3.3.1. D,,;_, V(sl,, {m) |2<C‘ﬁ) >~ Dz, H"(Bung(C), D®™).

Theorem 3.3.1 was proved for smooth curves in [BL94], and for C stable with singu-
larities in [BF15]. In fact, this statement can be stated in full generality as follows:

Theorem 3.3.2. V(g, A, 0) EkC'p ~ HO(ParbunG(C,ﬁ’),LG(C,ﬁX)).

The moduli stack Parbung(C, p) maps to Bung(C) and the line bundle £L5(C, 7, X) on
Parbung(C, p) is constructed from D(V) on Bung(C). Theorem 3.3.2 was proved for
smooth curves by Laszlo and Sorger [LS97]. The result holds for families of singular
stable curves by [BF15]. A simple alternative proof is given for singular stable curves
in [BG16] (not families), that is inductive and uses factorization.

If C is smooth, even more is true: stated in the case we are using now

Theorem 3.3.3. P H’(Bung(C), D) = @,,,_, H'(X, A®™),
where (X, A) = (Mc(r), 0) is the projective polarized pair:

m€Z>0

— X = Mc(r) is the moduli space parametrizing semi-stable vector bundles on C
of rank r with trivializable determinant; and

- A=0={E€eMc(r) | E®Q L has a nonzero section}, for L a fixed line bundle on C
of rank g — 1.

Putting Theorems 3.2.3, 3.3.1, and 3.3.3 together, we say that for a point [C] € My,
corresponding to a smooth curve C, there is a projective polarized pair (Mc(r), 0) such that

@ V(sl, tm)[iy = H (Mc(r), 6™),

WZGZZO
and so
Proj( @ V(sl,, fm)[iq) = Mc(7).

In other words, there are geometric interpretations for conformal blocks at smooth curves.
The same is true for conformal blocks at smooth pointed curves.

Example 3.3.4. For [C] € M,, one has, that

V(sl, 1)|& = H’(Bung ) (C), D(V)) = H'(Mc(2), 0) = H(P?,0(1)),
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where the third isomorphism was proved in a 1960’s Annals paper by Narasimhan and
Ramanan. More generally, we write

P V(sl, m)|: =~ P H (P, 0(m)).

3.4 Geometric interpretations at stable curves

We consider whether such geometric interpretations for V(g, X, 0) exist at points (C;p) €
Mg,n, where C has singularities. We state this problem in the simplest case:

Question 3.4.1. Given a point [C] € Mg, corresponding to a curve C with singularities, is
there is a projective polarized pair (X, A) such that

@ V(sl, tm)[i = H (X, A®™),

meZ;o

and so
Proj( @ V(sl,, tm)[i) = X?

meZZO

We showed in [BGK16] that for this question, and the analogous more general question for
conformal blocks on pointed curves, while sometimes yes, the answer is no, not necessarily!

3.4.1 Negative results

Example 3.4.2. [BGK16] Let C be a stable curve of genus 2 with a separating node. There
is no polarized pair (X, A) such that

D V(sh, m)[i = DH(X,A").

meZ meZ

To show this we prove that if V = V(sly, 1) has geometric interpretations at such a curve C,
then

m+3

(32) ex (V(s, m) — ( ) ) o1 (V(sty, 1)

which one can show fails by intersecting with F-curves. There are two types of F-curves on
M,. The first is the image of a clutching map from My, for which points are identified in
pairs. The second is the image of a map from M, 1 given by attaching a point (E,p) € My,
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gluing the curves at the marked points. One obtains a contradiction when we intersect with
either type of F-curve, even just at m = 2.

I'll talk about the proof of this and more general related results in my fourth lecture.

Example 3.4.3. [BGK16] For (C,p) € len, for n = 2k > 0, such that C has a single
separating node, then here is no polarized pair (X, A) such that

D V(sh, @, m)[jo; = D H(X,A™).

meZ mezZ

So that V(slp, ', 1) does not have geometric interpretations at such points (C,p) e Mz,n.

We do know that sometimes there are geometric interpretations. Here are two types of results
along those lines:

3.4.2 Positive result for positive genus

Theorem 3.4.4. [BG16]Given [C] € Mg, and a positive integer r, there exists a projective
polarized pair (Xc(r,€), Lc(r,€)), and a positive integer € such that

(3.3) @ V(st,mb)li = @ H(Xc(r, ), Le(r, €)F).

mGZZO mGZ;O
We can be more precise about € in some cases:

1. For general r if C has only nonseparating nodes, £ > 1;
2. Forr = 2, { divisible by 2;

3. For general r, and C with separating nodes, we know such an € exists.

Example 3.4.5. So by Theorem 3.4.4, the bundle V (sly, 1) has geometric interpretations at
a point [C] € M, with only nonseparating nodes, even though it does not have if C has a
separating node, while V (sl,, 2) has geometric interpretations at all points [C] € M.

To prove Theorem 3.4.4, we use Theorems 3.2.3, and 3.3.1, together with the stratification of
Mg to prove that
A= @ V(sl, tm)*,

H’ZEZ>0

is finitely generated.

The sheaves of conformal blocks V(sl,, {m)* are locally free of finite rank. This sum forms
the so-called algebra of conformal blocks, mentioned in Falting’s work, and studied by Chris
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Manon mainly for SL(2) and SL(3). In these cases, Manon shows the algebra is finitely
generated. Manon also takes Proj(A,) in more general circumstances, without knowing or
checking finite generation.

For A, to be finitely generated, it means that the algebra is generated over A = Oﬁg by
finitely many elements {f; }!'_ |, with f3 € As, = V(sl,, d;)*.

Ford =I1'_,d;, welet S, = @D,, Sy, where S, = Agy, be the d-th Veronese subring of A,.
Then S. is generated in degree 1 over Sy, and

X := Proj(A.) = Proj(S.) -~ M,

is a flat family.
Moreover, by definition, for k >> 0,

V(sly, kd)* = Sy — p.Ox(k),
are isomorphisms. Since taking fibers commutes with taking Proj,

p~([C]) = Xc = Proj(P V(sl,, tm)|%) = Proj(AL),

where A" = AC.
By definition of pushforward,

Sklic = V(sl, kd)[fc = (plxc)«(Ox(kd)|x.) = H*(Xc, Ox. (kd)).

In other words, for € = kd, and k >> 0, there is a projective polarized pair (Xc,Ox.({))
such that V(sl,, £)| 7, = H%(Xc,Ox(£)), and

@D V(st, tm)|iy = @D H'(Xc,Ox.(6m)).

T’I’IGZ;O m€Z>0
So V(sl,, £) has geometric interpretations at C if £ = kd, and k >> 0.

Remark 3.4.6. The flat family X := Proj(A.) = Proj(S,) - M, is one way to complete
the family X° - M, whose fibers over points [C] are the moduli spaces Mc(r) described
earlier. There are other ways to complete this family and this problem is an old one with an
interesting history.
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3.4.3 Positive result for bundles of rank one

Theorem 3.4.7. [BGK16] Geometric interpretations hold at all points if V(sl,, 1, {) has
rank one.

More general results hold for bundles with restriction behavior that is similar to that for rank
one bundles. We avoid stating these results here because they are involved.

While I don’t know of any vector bundle of conformal blocks of rank one on Mg,n for positive
genus g, every bundle on My, of the form V (s, 1, 1) has rank one, and by Theorem 3.4.7,
all such bundles have geometric interpretations at all points of My,,.

Example 3.4.8. For contrast with Example 3.4.3, V(sl,, w%k, 1) has rank one on MO,Zk/ and
by Theorem 3.4.7, geometric interpretations at all points of My, whereas by [BGK16] the
same bundle on My will not have geometric interpretations at a point (C, ) if C has a
separating node.

Idea of proof of Theorem 3.4.7

3.5 Idea behind the proof of the negative result

In [BGK16] we prove the following:
Theorem 3.5.1. There are points (C,p) € Mg,n and vector bundles of conformal blocks
V(g, A,¢ ) on Mg,n for which there is no projective polarized pair for which

(3.4) @ V(g mh,ml)[i., =~ PH(X,A")

MEZL>0 MEZL

holds.

To prove Theorem 3.5.1, we give obstructions to geometric interpretations for those bundles
where geometric interpretations at smooth curves are known to be varieties of minimal degree.
I'll explain what I mean next.

Given a projective polarized pair (X, A), there is a quantity called the A-invariant or A-genus,
which is defined to be

A(X, A) = dim(X) + A™®) _p0(X, A).
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Fujita (1990, Chapter 1 [?]) proved that A(X, A) = 0, and if A(X, A) = 0, the section ring of
A, @, ez, H (X, A®™) is generated by its global sections H'(X, A), and so A is very ample,

In this case, when A is very ample, it gives an embedding of X into projective space

X < Proj(B.) =PV, B, = P Sym™(H(X,A)).

7116220

The image of X is a non-degenerate variety of degree
AY™X = 1 4 codim(X).

A non-degenerate variety X — PN is of minimal degree if deg(X) = 1 + codim(X).

So if (X, A) is a projective polarized pair with A(X, A) = O, then the image of the variety X
embedded by A is a variety of minimal degree.

Varieties of minimal degree are classified. For instance (X,A) =~ (P?,0(1)) if and only if
AT =1.

What is crucial to our line of reasoning is that the A-invariant is upper semi-continuous: If
V is a vector bundle of conformal blocks on Mg,n that has geometric interpretation at some
point (C,p) € My, such that the corresponding projective polarized pair has A-invariant
zero, then if it has geometric interpretations at any other points, those corresponding pairs
will also have A-invariant zero.

We use this to prove the following result (paraphrased):

Theorem 3.5.2. Suppose that V (g, mA, me ) has A-invariant zero rank scaling, and geomet-
ric interpretations exist for V at all points, then for all m, ¢1(V (g, mA, m{)) can be expressed
in terms of c1(V (g, kA, k()), for k < m.

There is an explicit statement for Theorem 3.5.2, which is rather long and technical. In
Example 3.5.3, Theorem 3.5.2 is stated for the stronger case of projective rank scaling, where
there is an if and only if result.

Example 3.5.3. Rank(V(g, mA, ml)) = (m;d), and geometric interpretations exist for

V(g, e ¢) at all points (C,p) € Mg,n, iffer(V(g, mA, me)) = (" ey V(g, e 0). In particular,

d+1

ifd = 0, so that the rank is one, we know by [GG12] for sl, and € = 1, and by [BGK16] for
the general case,
c1V(g, mx, mt) = mc1V(g, X, £).

Therefore for rank one bundles, geometric interpretations exist at all points.
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We can outline the proof of Theorem 3.5.2 in two steps:

1. Suppose that for every point x € Mg,n, there is a projective polarized pair (X, Ax) of
A-invariant zero so that there is a canonical embedding as described above. One can
then take the canonical resolution of the ideal sheaf I x_ for X,.

2. By “glueing” the resolutions, we show there is an exact sequence
0 — WpRSym™ P (V) = -+ — WSym™ (V) — Sym™(V) — V(a, mA, mt)* — 0,

(3.5)

where the ‘W; are vector bundles on Mg,n.

3.6 Idea of proof of Theorem 3.2.3

The proof of Theorem 3.2.3 can be outlined in four steps:

1. Define projective polarized pairs (X(d), L(G)), where X (@) is a compactification of a
moduli space of d-semistable vector bundles of rank r on C with trivializable determinant.
The compactification is obtained as a GIT quotient of torsion free sheaves. The semi-
stability condition is new; a generalization based on Seshadri and Simpson.

2. Show there are injections H°(X(d), L(G)) — H"(Bungy(C), D(V)™) giving rise to a
map

F: @ H(X(@), £(G)) — @ H°(Bunsi(:(C), D(V)").

@G) mez

3. Using conformal blocks, show that F is surjective. For this we use Theorem 3.3.2 and
Factorization. This involves a technical arqument showing that certain sections extend
across poles.

4. Show that the part of left hand side necessary for the surjection of F is finitely generated.
This is achieved by noticing that the varieties X (&) which are involved are all Geometric
Invariant Theory (GIT) quotients of the same (master) space, and so one can use a
variation of GIT argument to get the claim.
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3.7 Appendix: Definition of Principal G-bundles

Definition 3.7.1. Let G be an algebraic group, X a variety, and T a Grothendieck topology.
A principal G-bundle on X with respect to T, is a morphism m : P — X together with an
action P x G > P such that the following properties hold:

1. The diagrams

idxp

PxG21—=P and PxGxG—=PxG
lﬂl lﬂ Laxid Lu
P——X PxG—— P

commute, where u : G x G — G denotes the multiplication operation on G.

2. There exists a covering {uje;U; — X} of X in the T topology, for which for each j € |
there are G-space isomorphisms ; : Ply, = U; x G, meaning that the following two

diagrams
P‘u]—%>u]><G and P’quG 2 P’uj
LT[% jl[)/)(id jlﬁj
U]- ijGxGiWijG
commuite.

Remark 3.7.2. If X is defined over a field of char O, then the fppf and etale topologies are the
same. If G is simply connected and X is a curve, as in our situation, then this is the same as
working with the Zariski topology.

We now return to using the notation of G-bundles on C where C is a stable curve.

Definition 3.7.3. Let p : G — Gl(V) be a representation of G. If E is a family of G-
bundles on C parameterized by a scheme T, then given a point t € T, one has that E; is
a G-bundle on C, and one can form a vector bundle (V') on C by taking the contracted
product E(V) = E; xg V. The determinant of cohomology line bundle Dg(V) is the line
bundle on T whose fiber over a point t € T is the line D(C, E(V)), described in Def 3.2.1.

Definition 3.7.4. Let G be an algebraic group, n : E — C a principal G-bundle on C, and
p : G — GL(V) any representation. The contracted product & = E xgV = (Ex V)/ ~,
where (p - g,v) ~ (p, p(g) - v), is a vector bundle on C, with fibers isomorphic to V: Given
xeC:

Ey=E;xgV=GxgV=x=V
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I referred to the following fact:

Lemma 3.7.5. Let G be any semisimple group. Given a principal G-bundle &, and any
representation p : G — GL(V), by the contracted product E = & xg V, has trivial
determinant.

Proof. To see that det(E) is trivial, we note that since G is semisimple, [G,G] = G,
and so the image p(G) is contained in the kernel of the determinant map which
is SL(V). In particular, E has transition functions given by matrices with trivial
determinant. These are the transition functions of the line bundle det(E), and so
det(E) is necessarily trivial. O
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Lecture 4

First Chern classes: vanishing,
identities, applications, and open
questions

4.1 Introduction

For g =0, and Ae Pe(9)", the vector bundle V (g, X, {) is a quotient of the constant bundle:
Alg, ) = A(g, X) x Mo, — V(a, A, 8), where A(g,A) = [Vi, @ @V ]u

is the vector space of coinvariants. So for every point (C, ) € My, there is a surjective map

of vector spaces
A(g,A) — V(g, A, f)\(c,ﬁ)-

In other words, for
a = rk(A(g, 1)), and r=1k(V(g,1,0)),

there is a composition of morphisms
My, > Gr*(A(g, X),r) = B = BO7, (G, ) = [ATAlg, X) = A (V(e, 4, O)licp)
and the pullback of Op(1) on P is the conformal blocks divisor:
(v 0 §)*0e(1) = e1(V(a, X, ) = D(o, 1, 0).

If A(g, /T) ~ V(g, X, {), then the two bundles have the same rank: a = r, and for V
V(g, A, 0), the map ¢o, vy = (p o ¢) will contract everything in My, onto the point P =
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PO~1 = P, As will be explained, this always happens if € >> 0. In case g = sl,, specifically
for € above the so-called critical level (Definition 4.2.1, and more generally for € above the
so-called theta level (Definition 4.4.1). As will be clear, the critical and theta levels are
the same for sl,, but generally measure different aspects of the bundles. There are plenty of
divisors that are unexpectedly trivial, and so there may be some other level besides the critical
and theta levels that control vanishing.

This kind of vanishing is important for understanding the placement of the divisors in the
nef cone, which reflects the curves contracted by their associated morphisms. It also gives us
some information about how much of the nef cone the divisors may generate.

For instance, applications of vanishing above the critical level include criteria that guarantee
the divisors ¢, (V) intersect certain curves in degree zero: Said otherwise, the associated maps
O, (v) contract those curves. In particular, we can use vanishing above the critical level to
show that maps @, vy factor through contractions from M, to Hassett spaces Mo, », where
the weight data A is determined by the triple (sl,11, X, £).

It seems the upshot is that conformal blocks divisors are quite often extremal in the nef cone,
and the number of curves they contract increases as the level increases with respect to the

pair (g, X)
It is an interesting question to determine just what divisors are nontrivial, and we discuss
this today too.

4.2 Vanishing above the critical level

4.2.1 Definition

Definition 4.2.1. If r + 1 divides Y., |Ai|, we refer to

> i 1]

I(sl,.q,A) = —1
cl(sli1, ) + r+1

7

as the critical level for the pair (SI,H,X). If € = cl(slrﬂ,/f), and zfX € Pe(sl,11)", then
V(sly41, X, {) is called a critical level bundle, and c1(V(sl,,1, /'_\), £)) = D(sl,4q, X, {) is called
a critical level divisor.
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4.2.2 Vanishing and identities

Note that if € = Cl(sI,H,/Y), then r = CZ(SI(_H,/YT), where AT — (A],...,A}). Here Al is
the weight associated to the transpose of the Young diagram associated to the weight A;. In

particular, |A;| = |A]|, and so
DAl =+ 1) +1) = (€+1)(r+1) = > |A]].
i=1 i=1

In particular, critical level bundles come in pairs, and as we shall prove:

-

Theorem 4.2.2. [BGM15b] If € = cl(sl,;1, A), then
1. cl(V(sIrH,)_\),f +¢))=0,forc>=1;and
2. c1(V(sluyq, A, €)) = c1(V(slesn, AT, 7)).

After giving some examples and applications, we will prove part (1) of Theorem 4.2.2.

4.2.3 Examples

1. The bundle V(sl, .1, w}, ) is at the critical level for n = (r + 1)(€ +1). In [BGM15b]
we showed that the first Chern classes are all nonzero, and by Theorem 4.2.2, for
n=r+1)(¢t+1),

C1(V(5Iy+1,a)711, 5)) = C1(V(SI(+1,0)T, 1’)),’ and

c1(V(slyy1, @, € +¢)) = c1(V(slgy1, @], v +¢)) =0 forallc > 1.

2. The bundle V(sly, {w1, (2w + w3)®}, 3) is at the critical level, and its first Chern class
is self dual.

4.3 Applications

The main applications of vanishing above the critical level are extremality tests, and criteria
for showing that maps given by conformal blocks divisors factor through contraction maps
to Hassett spaces.
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Extremality test

Proposition 4.3.1. Let A e Pe(sly41)", and suppose that N1, N, N3, Ny is a partition of
[n] = {1,...,n} into four nonempty subsets ordered so that if A(N;) = >y, [Ajl, then
A(N7) < -+ < A(Ny). IfZ]-e{Lm} A(N;) <71+ ¢, then

(1 <V<51r+11X/ 5)) “Fny N, =0,
and in particular, c;(V(sl,41, /'_\), {)) is extremal in the nef cone.
Proof. The intersection c¢1(V(sl,;1, At )) - FnyNo N, takes place in the boundary divisor

AN, ONyUNs = Mo Ny oNpoNs 1 X Mo Ny 41,

and in particular, in Mo,\Nl UNyuNs|+1- We can use factorization to examine the first
Chern class of the bundle V at points p € An, un,ons:

lle

C1(V)|p @ Cl(V(SIH_l,A(Nl U Nz U Ng) v, f))Cl(V<5L+1,/\(N4) ) [1*, f))

uePe(sly41)

We compute the critical level of V(sl, 1, A(N7 U N> U N3) U u,€), which is

ZjeNluNzuN3|/\j| + |l
r+1
r+€+rl r+{f+r€+1__1+(r+1)(£+1)

B e
T S Tt T P

(41) CZ(SIH_L/\(Nl ) N2 U N3) ) [J) =-1+
=

In particular, V(sl,.1, A(N7 U N> U N3) U i, ) is above the critical level, and so it has
trivial first Chern class. O

Criteria for mapping through Hassett Spaces

Definition 4.3.2. Fix a partition of [n] = {1,...,n} into four nonempty sets N1, N,, N3,
Ny = [n]\N1UN,UN3, and consider the morphism MOA — Mo,n, where (C, (a1,a,,a3,a4)) —
(X, (p1,---,Pn)), where X is the nodal curve obtained as follows. If |N;| = 2, then one glues
a copy of P! to the spine (C, (a1,a,,a3,a4)) by attaching a point (P!, {pi:jeN}u{a}) e
Mo, N +1 to a; at a;. If [N;| = 1, one does not glue any curve at the point a;, but instead
labels a; by p;. We refer to any element of the numerical equivalence class of the image of this
morphism the F-Curve F(N1, Ny, N3) or by F(N1, N3, N3, Ny), depending on the context.
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Background on Hassett spaces

Consider an n-tuple A = {ay,...,a,}, witha; € Q, 0 < a; < 1, such that Y ;a; > 2. In
[Has03], Hassett introduced moduli spaces My, z, parameterizing families of stable weighted
pointed rational curves (C, (p1, ..., pn)) such that (1) C is nodal away from its marked points
pi; (2) jeyai < 1, if the marked points {p; : j € ]} coincide; and (3) If C' is an irreducible
component of C then 3, a; + number of nodes on C' > 2. These Hassett spaces Mo,z
receive birational morphisms p g from My ,, that are characterized entirely by which F-Curves
(see Def. 4.3.2) they contract.

Definition/Lemma 4.3.3. For any Hassett space MO,_(,Z[, with A = {ay,...,a,}, there are
birational morphisms px : Mo,n — Mo,gq, contracting all F-curves F(N1, N, N3, Ny)
satisfying: Y icn.on,on, @ < 1, and no others, where without loss of generality, the leg N,
carries the most weight.

Results on Hassett spaces

The following theorem, proved in [BGM15b] generalizes [Fak12, Proposition 4.7], where
g = sl was considered.

Theorem 4.3.4. Let D = }D)SIM, Te be such that:

1. O< |Ai| <t +rforallie{l,...,n};
2. 30 Al = 2(r+ 0).
Then the morphism ¢y, factors through px : Mo,n — MO]&Z[, where A = {ay,...,a,},

Y]
! r+°

Proof. For A = {ay,...,a,}, a; = r'i—fl,, as in the hypothesis, the condition |A;| < € + 7,

guarantees thata; < 1 for all i, and Y/, |A;| > 2(r + {) guarantees that >,/ ; a; > 2.

By [Fak12, Lemma 4.6], we need to show that any F-curve F(N;, N,, N3, Ny) con-
tracted by p# is also contracted by ¢p. Suppose that ps contracts the F-curve
F(Ni1, N3, N3, Ny), so that in particular, by Definition/Lemma 4.3.3, > . onyon, @ < 1.
Then > ;1,5 ANj) = (r +€) X5 8 < r + ¢, and hence ¢p contracts F-curve
F(Ni1,Na, N3, Ny). O
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4.3.1 Examples: GIT and images of conformal blocks maps

While we have shown that many conformal blocks divisors give rise to maps that factor
through Hassett spaces, their images are not in general isomorphic to Hassett spaces. As
the following examples show, it does seem a likely possibility, that the type A conformal
blocks divisors give maps to spaces that have modular interpretations and have construc-
tions as GIT quotients. These particular examples have images that are birational to My,
but in [BGM15a], we exhibit a divisor for which all the weights are nonzero and whose
corresponding morphism has positive dimensional fibers.

IfD =D, =, isanontrivial level one divisor, so that necessarily dildil=r+1D)([d+1),
for some d > 1, then the image of ¢p is isomorphic to the generalized Veronese quotient
Uil 0,4y SL(d + 1), where a; = |A;|/(1 + 7) [Gial3, GG12]. These spaces, which receive
morphisms from Molﬂ, are birational to Mo,n and have modular interpretations [Gial3,
GJ/M13]. In [BGM15a], we prove that for all £ > 1, the images of maps given by divisors

D are also isomorphic to Uy /(o7 SL(d + 1).

sl 1,08,
In [BGM15a] it was shown that for all € > 1, and v > 1, the divisor D = Dslm,w»l«,g is
non-trivial. Because it is Sy-invariant, by [KM13, Gib09], it is big, and the corresponding
morphism ¢y is birational. By [BGM15a], for A = (7#45,...,77), € > 1, and r > 1, the
maps pa and ¢p contract the same F-curves. According to the F-conjecture, the divisors
D and p%(A), where A is any ample divisor on Mo, conjecturally lie on the same face of
the nef cone of My,,. In particular, the (normalization of the) image of the morphism ¢
should be isomorphic to My Moon has shown that My can be constructed as a GIT
quotient of Mg #(P', 1) by SL(2). The case £ = 1, the image of ¢y was shown in [Fak12] to
be isomorphic to (P')" /7 SL(2), where a; = 1/(r + 1). In case r = 1, the image of ¢p was
shown in [G]MS13] to be isomorphic to Uy, /(5,7 SL(€ + 1), where 6 = H g =2

17 M T T

4.3.2 Sketch of proof of vanishing above the critical level
To prove Part (1) of Theorem 4.2.2, we use the cohomological version of Witten’s Dictionary,
which follows from [Wit95] and the twisting procedure of [Bel08], see Eq (3.10) from [BelO8].

Theorem 4.3.5. Let V = V(sl,4, 1, {) be a vector bundle on Mg,n such that Y, |Ai| =
(r + 1)(€ + s) for some integer s.

1. If s > 0, then let A = Cw;. The rank of V is the coefficient of g°0y,, ., in the quantum
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product
oy *op, *--x0y, %0y € QHY(Gr(r+ 1, r + 1+ 0)).

2. Ifs < 0, then the rank of V is the multiplicity of the class of a point oy, , in the product
Oy - 0p, -0y, € HY(Gr(r+ 1,7+ 1 +k)),
where k = € + s.

Examples of rank computations using Theorem 4.3.5 can be found in [BGM15b, BGM1b5a,
Kaz16, Hob15] and [BGK16].

Proof. Write £ = cl(sl,4, X) + 1. We'll consider the following two cases:

1. Ae Ps(sl,11)" so that V(sl, 4, X, ) makes sense, and there is a surjective map
A(slq, ) = V(sliq, 1, 0).

2. X ¢ Pylsla)™.

In case 1 € Pr(sl,11)", we know that by Beauville’s quotient construction, as the level
grows, the rank decreases:

-

rk(V(sl11, 4, 0)) < tk(V(sl,1q, 1, €) < rk(A(slq, A).
So it is enough to show in this case that
rtk(V(sl1, A, 0)) = tk(A(sl,., 1).

In the second case, we’ll argue that rk(A(sl,,4, X) = 0. Both follow from the Coho-
mological form of Witten’s Dictionary, Theorem 4.3.5.

In the first case, since Y., |Ai| = (r + 1)(£), we have that s = 0 in Theorem 4.3.5, and
so rk(V(sl,1, X, 0)) = rk(A(sl, 11, X), as claimed.

In the second case, we know that |A;| < ¢r for all i but that |A;| > &r for some i. This
means in particular that /\fl) > { for some i. We may reliable so that

k=A0>...A0.

Since Y, |Ai] < (r + 1)k, we write >, |A;] = (r + 1)(k — p), for some p > 0. Setting
p1 =l = -+ = Uy = W1 = wy, by Propagation of Vacua:

V(slyr, A U, €) = V(slyy, A, £),
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and since >/, |Ai| + Z’;:] luil = (r+1)(k—p) + (r + 1)p = (r + 1)k, we can compute
the rank by computing the intersection

*okoy, *xoh €Gr(r+1,r+1+k).

oA Wr41

1

By a calculation, this is zero. O

4.4 The thetalevel

The theta level (Def 4.4.1), comes from the interpretation of a vector space of conformal blocks
as an explicit quotient [Bea96, Proposition 4.1] see also [?]), and holds in all types.

4.4.1 Definition of the theta level

Definition 4.4.1. [BGM15b] Given a pair (g, 7\), one refers to

5 1< 1
O(g, 1) = -1+ EZ(Ai, 0) € 5

i=1
as the theta level of the pair (g, X)

Remark 4.4.2. In Definition 4.4.1, as described in Lecture 2.1, O is the highest root, and
(, ) is the normalized Killing form.

4.4.2 Vanishing above the theta level

Using [Bea96, Proposition 4.1] one can prove that conformal blocks divisors vanish above
the theta level:

Proposition 4.4.3. Suppose that € > 0(g, X), then c1(V(g, 1, £)) =0.

4.4.3 Applications

Proposition 4.4.4. [BGM15b] Let Ae Pe(g)", and suppose that N1, N,, N3, Ny is a par-
titionpartion of [n] = {1,...,n} into four nonempty subsets ordered so that if A(N;) =
Dljen; | Al then ANNY) < -+ < A(Na). If Xjc o5 AMNj) < €+ 1, then

C1 (V(Q, X, f)) 'FNI,NZ,N3 =0,
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and in particular, c;(V (g, 1,¢ )) is extremal in the nef cone.

The proof of Proposition 4.4.4 is analogous to that of Proposition 4.3.1.

Theorem 4.4.5. [BGM15b] Let D = D , be such that:
1. 0 < |A| <€+ 1forallie{l,...,n};
2. 30 A > 206+ 1).
Then the morphism ¢p factors through pn : Mo,n — Mo,gq, where A = {ay,...,a,},

_ Al

ai = 1

The proof is analogous to the proof of Theorem 4.3.4.

4.4.4 Examples comparing the theta and critical levels

Example 4.4.6. The bundle V = V(sl;, w$,1) on My is at the critical level and so by
Theorem 4.2.2, we have

1. ¢1(V(sls, @8, 1)) = ¢1(V(sly, 8, 2)); and

2. c1(V(sly, 8,1+ ¢)) = c1(V(sh, 08,2 4+ ¢)) = 0 forall ¢ > 1.

The critical and theta levels for sl, bundles are equal, but the theta level for the bundle V is
2, and so in this case, CL-vanishing is stronger than 0-level vanishing.

Example 4.4.7. The bundle V = V(sl;, {201 + wa, w2, 2w1,2w2, 3wz}, 5) on M()j is at the
critical level and so by Theorem 4.2.2, we have
1. C1 (V) = C1(V(SI6, {C()l + w3, 26()1,6()2, 26()2, 26()3}, 2)), and
2. c1(V(sls, {201 +@y, wa, 2w1, 2w7, 3wy}, 5+c¢)) = c1(V(sl, {w1+ w3, 2w, @2, 205, 23}, 2+
c)) =0forallc > 1.

In this case, for the sl; bundle V, the theta level is 4.5 < 5, and so in fact, by Theorem 4.4.3,
c1(V) = c1(V(slg, {1 + w3, 201, w2, 2w2,2ws},2)) = 0, and in this case, O-level vanishing
is stronger than CL vanishing.

The upshot is that except for sl,, when Theta-level and Critical-level are the same, the
vanishing results give different information about the bundles.
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4.5 The problem of nonvanishing

Recall that we know at least three circumstances during which a conformal blocks divisor
c1(V(g, A, £)) will be zero:

1. If R = Rk(V(g, A, {)) = dim(A(g, X)) = A, then the contraction morphism given by
c1(V(g, A, {)) has image equal to a point:

Mo, — Grass?™(A(g, 1), R) "% PR = pt.
(CP) = [Alg,A) = V(g, A, O)lcp] = [A Alg, A) — ATV (g, 4, 0)|(cp)-

2. If € > 6(g, 7\) = 1 4 2=l

2
3. Incase g = sl.q, if If € > c(sIVH,X) = ] ¢ Zi=lM

r+1

As it turns out, c1(V(sly, X, {)) # 0as long as
1< t<cl(sh,A) = 0(sh, ), and tk(V(sh, A, £)) > 0.

As we shall see today, a similar result holds when the critical and theta levels coincide.
This is not the case generally, as we see in many examples even for sly. For example,
the bundle V(sly, {ws + w3, w1, w1 + 2wy, 2w1 + w3}, 3) is at the critical level, and it is
below the theta level (which is 3.5). The rank of Vg, (o, (20, +ws)3},3 01 MOA is one, while the
dimension of the vector space of coinvariants A, (o, (20, +w,)} 1S 2. A calculation shows that

D514,{a)1,(2a11+w3)3},3 =0.
Examples like this have led us in [BGM15a] to ask when divisors are nonzero.

Question 4.5.1. What are necessary and sufficient conditions for a triple (g, 1, {) that
guarantee that the associated conformal blocks divisor D 3 , is nonzero?

One approach, is to decompose a vector bundle into simpler bundles, whose vanishing may
be understood more readily, and I will present today an additive identity (Proposition 4.6.1)
dependent on ranks. For instance, one can decompose the divisor above as the following sum

Both of the divisors on the right hand side turn out to be trivial: the first since it is above the
critical level, and the second, because it is pulled back from My 3.

We'll also see another type of identity in type A, where we decompose the Lie algebra and the
weights. This gives a non-vanishing result in case the critical and theta levels coincide, such
as the sl, result mentioned earlier. To prove the second identity one uses an interpretation of
conformal blocks in terms of generalized theta functions.
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4.6 Additive identities dependent on ranks

I will explain the following criteria, given in [BGM15a] for decomposing a divisor as an
effective sum of simpler conformal blocks divisors.

Proposition 4.6.1. Let [I € Py(g)", and vV € P, (a)" be two n-tuple of dominant weights
such that tkVy 3, =1, and tkVy 3,50, = 1k Vg3, = 6. Then

Doirieem =0 Do+ Dy

Before giving an outline of the proof of Proposition 4.6.1, I'll give some of the applications
we showed in [BGM15a].

Using Proposition 4.6.1 in conjunction with the quantum generalization of a conjecture of
Fulton in invariant theory [BelO7] and [BK16, Remark 8.51, we show in Corollary 4.6.2 that
if tk(V (sl 1, NA,N€) = 1, then

D(sl, 1, NA,NE) = N - D(sl,1, A, €), VN e N.

As an application of this, one can identify images of the maps ¢p for D = D(sl,;q, e, {) =
£ D(sl,4q, X, 1), as the generalized Veronese quotients of [Gial3, GJM13].

Proposition 4.6.1 can be used to show that a divisor is nontrivial, by writing it as an effective
sum of simpler divisors, and then showing one of the summands is nontrivial.

In [BGM15a], we use Proposition 4.6.1 to give non-trivial conformal blocks divisors, with
non-zero weights, that do not give birational morphisms. Such examples were not known
before. One may also approach questions of mysterious vanishing in this way, seeing for
example a divisor as a sum of divisors whose vanishing can be explained by other means.

This result enables one to simplify questions of vanishing of a particular divisor into problems
about its simpler constituent parts. But there have been more applications as well. For
example, in ([Kaz16], Theorem 1.1) this result was used to prove that any S,-invariant
divisor for sl, on My, coming from a bundle of rank one was in fact a sum of level one
divisors in type A. In particular, the cone generated by infinitely many such divisors is
finitely generated.

Fulton conjectured that ij”rk(A(sI,H,X» = 1 then rk(A(sIrH,NX)) =1V N € Z.,.
This was proved by Knutson, Tao and Woodward [KTWO04]. The quantum generalization
of Fulton’s conjecture [Bel07, BK16] is the following: Suppose rk(V(sIrH,X, &) =1(is
not necessarily the critical level) then rk(V(sI,H,NX, N¢)) = 1 for all positive integers N.
Using this generalization and Proposition 4.6.1, we obtain (by induction):
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Corollary 4.6.2. If tk(V(sl,41,4,£)) = 1, then V(sl,11,NA,N€)) = N V(sl,41, 1, 0)), V
Ne Z>0.

Remark 4.6.3. Corollary 4.6.2 appears in case r = 1 and A= (w1,...,w1) in ([GIMS13],
Proposition 5.2). An analogous result for g = s0,,.,1 appears in the work of Mukhopadhyay.
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